Homework II1
Generative Modeling by Transport: Mathematical Foundations
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May 13, 2026



Problem 1. KL Evolution With Unequal Diffusion Coefficients Let p, p solve
Op+V - (bp) = elp,
Op+V - (bp) = EAp,

with the same initial density pg. Assume p, p > 0 are smooth and decaying.

(a) Derive an exact formula for
d

SKL)1A(0))

(b) Show that when e = €, your formula reduces to the standard Fokker-Planck KL identity.

(c) Identify the additional term when e # £, and explain why it obstructs a clean drift-error-only
bound.



Problem 2. Optimizing a Time-Dependent Diffusion Schedule Suppose a learned model
satisfies pointwise-in-time excess-loss densities

Alt) = ;/|B—b|2p(t,x) dr,  CO(t) = ;/\§—s|2p(t,x) dz.

For a time-dependent diffusion coefficient £(¢) > 0, a formal KL upper bound is

Ble] = /01 <i_((?) + E(t)g(t)> dt.

b

(a) Find the pointwise optimal e*(t).
(b) Compute the minimized bound.

)
)

(¢) Suppose (t) < E is constrained. Find the constrained minimizer.
)

(d) Interpret the result in terms of whether velocity or score is learned better at time ¢.



Problem 3. A Density Estimator With Killing and Resurrection
0ip+V - (bp) =eAp—r(t,x)p,  p(0) = po,
where r is a smooth killing rate. Let Y, solve backward
Y2 =b(t, V,P)dt +V2edWp, VP =u.
(a) Guess a Feynman—Kac-type representation for p(1,x).

(b) Prove your formula using backward It6 calculus.

(c) What changes if 7 < 0 on some region?

Let p solve



Problem 4. The Jensen Gap in SDE Cross-Entropy Let
p(l,z) =E [e_AR | X =2z,
where R > 0 and A are random variables under an auxiliary bridge law. Define
H=—-E;, logp(1,x).
(a) Prove the Jensen upper bound

—logE[e R] < E[A] — E[log R].

(b) Show that equality holds if and only if A+log R is almost surely constant under the auxiliary
conditional law.

(c) Interpret this equality condition for the SDE density estimator.



Problem 5. Why ODE Drift Error Alone Cannot Control KL. Work on the circle
T = R/277Z. Let po = (2m)~!, let the true velocity be b = 0, and let the approximate velocity be

b (z) = ¢ sin(nz), 0<a<l

n

Let pn(1) be the density at time 1 under the ODE X; = by, (X}).

1
//|bn—b|2pg dz dt — 0.
0o JT

(b) Prove that the terminal density p,,(1) does not converge to py in KL.

(a) Prove that

(¢) Conclude that no universal inequality of the form

1
KL(po|lpn(1)) < C /0 / B — b2p0

can hold for deterministic flows.
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