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DOCUMENT I: ROLE IN SEMESTER |

Semester | is a proof-level reading of the stochastic interpolants framework.
This first document prepares the mathematical language needed for the rest of the semester:

probability + analysis + PDE + stochastic calculus =  generative modeling.

The guiding thesis is:

‘ A generative model is a law-preserving dynamical realization of a probability path. ‘

The stochastic interpolant framework separates:

‘ designing the path of densities p(t) from choosing an ODE or SDE that samples it. ‘




SEMESTER-I GLOBAL GOAL

Given two probability densities
po,p1 i R = [0, 00), /d pi(z)dz =1,
R
construct a process that transports

To ~ pPo ~ T1 ~ P1.

The course goal is not merely to implement such a process. The goal is to prove:

existence of the interpolating density p(t, z),
PDEs satisfied by p(t, x),

ODE/SDE samplers with the same marginals,
training objectives and their minimizers,

likelihood, cross-entropy, and KL control.



SIX-DOCUMENT SEMESTER PLAN

Mathematical preliminaries, background, motivation, and related work.

Stochastic interpolant definitions, assumptions, transport equations, score, quadratic objectives.
Generative models, likelihood control, density estimation, cross-entropy.

Instantiations and extensions: diffusive, one-sided, mirror, Schrodinger bridge.

Spatially linear interpolants: factorization, design choices, latent variables, diffusion coefficients.

Connections, algorithms, numerical experiments, and semester synthesis.
The proof chain throughout the semester is:

zy = p(t) = O¢p + V - (bp) = 0 = ODE/SDE samplers = trainable objectives.



MAIN PAPER ORGANIZATION

The semester follows the paper organization closely:

Section 1
Section 2
Section 3
Section 4
Section 5
Section 6
Section 7
Appendix B

Pedagogical rule:

motivation, contributions, related work, notation,
general stochastic interpolant framework,
instantiations and extensions,

spatially linear interpolants,

connections with other methods,

algorithmic aspects,

numerical experiments,

proofs.

No algorithm without its density equation and proof.




MOTIVATION: WHY GENERATIVE MODELING?

A generative model aims to sample from a complex unknown distribution:
T ~ Pdata-
We usually have samples but not a tractable density.

The modern continuous-time viewpoint is:
z~ poeasy ~» x ~ pjdata

by solving a dynamical system.

Examples:
normalizing flow : 1 = T(x0),
continuous normalizing flow  : X, = b(t, Xt),
diffusion model :  dX; = b(¢t, X¢) dt + o(t) dWr,

stochasticinterpolant  :  xy = I(t,z0,z1) + v(t)=.



MOTIVATION: WHY A RIGOROUS COURSE?

Many courses present generative modeling as:

architecture + loss + sampler + FID.

This course instead asks:
What mathematical theorem justifies the loss and sampler?

For every method we want proofs of:

the probability path,

the PDE governing the path,

the ODE/SDE generating the same marginals,

the regression objective and its unique minimizer,

the statistical consequence of approximation error.

The framework is powerful because the same object can be read as:

transport map = PDE = stochastic process = optimization problem.



FINITE-TIME TRANSPORT

A classical score-based diffusion often runs through an infinite-time noising limit:
zr =€ Tx1+V1—e 27z T € [0, 00).
The stochastic interpolant idea instead works on:

t e [0,1].

Prototype:

zy = (1 —t)zo + teg + /2t(1 — t) 2.

Endpoint check:
o = o, 1 =1,

because the latent Gaussian term vanishes at both endpoints.

Core question:

What is the law of =, and how can we sample it without knowing =1 ?




DECOUPLING PATH DESIGN FROM SAMPLING

The stochastic interpolant defines a path of laws:
p(t) = L(xr).

Once p(t) is known through its evolution equation, we can sample the same path in different ways:
Xy = b(t, X¢),

or
dX; = (b(t, X¢) +£(t)s(t, X¢)) dt + /2e(t) dWs.

These have different sample paths but the same marginal densities:

L(Xt) = p(t)-

This is the main conceptual separation:

interpolant path p(¢) # particular sampler path X;.




NOTATION: DENSITIES AND LAWS

For a random variable X with density p,

Xn~p — [P’(XEA):Ap(a:)dx.

The law of X is denoted
L(X).

Atime-dependent density satisfies

p:[0,1] x R* — [0, 00), / p(t,z)dx = 1.
Rd

For a test function ¢,

E[$(X,)] = /R | G@p(t, ) da.



NOTATION: FUNCTION SPACES

The paper uses standard spaces:
C*(RY) = {k-times continuously differentiable functions}.
Ck(rR?) = {C* compactly supported functions}.
For vector-valued functions:
(C*®H).
For time-dependent functions:
b e CO([0,1]; (CP(R)?)
means ¢ — b(t, -) is continuous into the CP-topology.

Why this matters:
PDE identities first hold weakly, then regularity promotes them.



TEST FUNCTIONS

Atest function is typically
¢ € C5°(RY).
It probes distributions through:

po [ elan(ao)

Two probability measures p, v agree if

/¢>du = /(Z)du V¢ € C§°(RY).
Thus, to prove a PDE weakly, it suffices to prove:

d
n /qbp = right-hand side tested against ¢.



WEAK EQUALITY OF DENSITIES

The identity
Otp+V-(bp)=0

is equivalent in weak form to

d
a /]Rd o(z)p(t,z)dz = /]Rd V(x) - bt,z)p(t, z) dz.

[eow=-[6v-0o)= [Vo-tp.

The compact support of ¢ kills boundary terms.

Proof by integration by parts:



CONDITIONAL EXPECTATION: ABSTRACT DEFINITION

Let X be a random variable with law . For an integrable random variable Y,
ElY | X = 1]

is the function g(x) satisfying:
[ é@@n(an) =Ep(0Y] vo e CR®Y.
In the stochastic interpolant paper:
E[f(t,z0,71,2) | ¢t = 2]
is defined by:
[ S |00 = alp(t. ) do = El(a) ).



CONDITIONAL EXPECTATION: DENSITY HEURISTIC

Formally, using Dirac deltas,

_ 1 Elfo(z — @)
A === ezl
Since
p(t,x) = E[o(z — =],
we write:

E[f [ z: = z]p(t,z) = E[f 6(z — =¢)].
This heuristic is useful for deriving:
b(t,z) = Eli¢ | ¢ = ],

and
s(t,x) = Viog p(t,z) = —y(t) 'E[z | ¢ = 2].



COUPLINGS

A coupling of pg and py is a probability measure
v(dzo, dz1)

onR% x R? with marginals:
v(dzo, RY) = po(zo) dzo,

V(]Rd, dz1) = p1(x1) dz.

The independent coupling is:
v(dzo, dz1) = po(xo)p1(z1) dzo dz1.

A nontrivial coupling can encode geometry, pairing samples from pp and p.



THE GAUSSIAN LATENT VARIABLE

The stochastic interpolant includes:
2~ N(0,1,), z L (zo,71).

Why Gaussian?
Eeth 7% = =371k,

This factor provides spatial smoothing:

p(t) = pr(t) * N'(0,7*(t)La),
where p; (t) = L(I(t, 0, 21)).

Thus, for0 < t < 1and~(t) > 0,
plt,) € C(RY).



CHARACTERISTIC FUNCTIONS

For a random variable X € R, define:

If X has density p, then:

Fourier inversion:

provided g € L'.

For derivatives:
0u,0 = (2m) " [ (wiky)e 7 g(h) dk.



FOURIER SMOOTHING BY GAUSSIAN FACTORS

g(t, k) = go(t, k)eféwz(t)\klz7

then foranyp € N,
/ |E|P|g(t, k)| dk < 00 forO <t < 1.
R4

Hence:
p(t,) € CP(RY)  vp.

This is the analytic reason the latent variable (t)z regularizes the interpolant.



CONVOLUTION WITH GAUSSIAN KERNELS

Let )
— (2 2\—d/2 _|1:7|
oy () = (2777) exp(—o5 )
Y

If

X =Y +~z ZNN(OaId)v
then

PX = Py * pry.

Explicitly:

px(z) = /Rd oy (z —y)py (y) dy.

If py is merely a measure,
px (z) = /%(r —y)py (dy) > 0.



SCORE FUNCTION

For a strictly positive density p(t, z), the score is:

Vp(t, x)

s(t,x) = Vg p(t,z) = o)

The score transforms a Laplacian into divergence form:
Ap=V (Vp) =V (sp).
This identity is the key algebra behind:
Otp+ V- (bp) =0

being equivalent to
Otp+ V- ((b+es)p) =eAp.



FISHER INFORMATION

The Fisher information of pis:
[, 9108 p(@)p(a) .
R4

The relative Fisher divergence is:
FI(plp) = [ 1Vlozp = Viog i da.

It appears in likelihood control:

KL(p(1)||p(1)) = drift-error term — e /01 FI(p(t)||p(t)) dt.



KL DIVERGENCE AND CROSS-

For densities p, p,

Cross-entropy:

Entropy:

Relation:

ENTROPY

pl@) 4
ple)

KL(pllp) = | pla)tos
H(pl) = = [ pla)log (o) da.

mm=—/m%n

H(pll) = KL(pllp) + H(p)-



CONTINUITY EQUATION

The continuity equation is:
Otp+ V- (bp) =0.

It expresses conservation of probability mass.

For any region A C R¢,
d
— | p(t,z)dz = —/ b(t, z)p(t,x) - n(x)dS.
dt Ja A

Velocity b moves mass. It is not necessarily a gradient field.



CONTINUITY EQUATION: WEAK FORM

For¢ € C§° (R%),
S ElB(X0)] = dt/¢p—/V¢>-bP~

If X solves
Xy = b(t, Xy),

then by the chain rule:
d
GEB0] = EIV(X0) - b(t, X0))

Thus the ODE flow pushes p(0) along the continuity equation.



METHOD OF CHARACTERISTICS

Let X, ¢ () solve:

%Xs,t(l‘) = b(t,X‘g,t(df)), Xs,s(x) = .

Along a characteristic:

d
—p(t, Xst) = Otp+b-Vp.
dt
Using
Op+V-(bp)=0
gives:
Op+b-Vp=—(V-b)p.
Therefore:

d
5 o8Pt Xst) = =V b(t, X r).



CONTINUOUS CHANGE OF VARIABLES

Integrating the characteristic identity:
t
108 p(t, Xo.1(40) = log po(z0) — [V -b(r, Xa.r(w0))
0
Equivalently, for zg = Xy o():

p(t, z) = po(X¢,0(x)) exp (— /Ot V- b(r, X7 () d‘r) .

This is the continuous normalizing flow likelihood formula.



FOKKER—-PLANCK EQUATION

Consider the SDE
dX; = bF (¢, Xy) dt + /2e(t) dWy.

The density solves:
drp+ V- (bF p) = e(t) Ap.

= for=[vororew [a0p.

The right-hand side is generated by It&’s formula.

Weak form:



ITO FORMULA

Let

For f € C1:2:

For

this becomes:

dX¢ = b(t, X¢) dt + o(t, X¢) dWy.
1
Af (8, Xe) = 0 f (t, Xe) dt + VI (1, X0) - dXe + 5 Tr (00T V2£(2, X)) .

o=V2ely,

df =0 f dt +Vf- dX¢ +eAf dt.



GENERATOR AND ADJOINT

Foran SDE
dX; = b(t, Xt) dt + +/ 25(t) AWy,
the generator acts on test functions by:

Lif =b-Vf+eAf.

The adjoint acts on densities:
Lip=—V-(bp) +eAp.

Thus:
Op=Lip

is exactly the Fokker-Planck equation.



BROWNIAN BRIDGE

A Brownian bridge By pinned at 0 at times 0 and 1 satisfies:

By =Wy —tWh.

Its one-time law is:
Bt ~ N(0,t(1 — t)1g).
It also solves:
Bt

dB; = —
¢ T—¢

dt + dWs.

This later motivates diffusive interpolants:

xd = I(t, 20, 21) + v/2a(t) B:.



BACKWARD BROWNIAN MOTION

Define the backward Brownian motion:
WEB =W _,.

A backward SDE is written:
dXB =bB(t, XBydt + /2e(t) dW/P.

Itis solved backward from:
X{B ~ p1.

fZ, = XleT, then Z is a forward-time process.



BACKWARD ITO FORMULA

For a backward SDE
dXP =B (t, XPB)dt + /2e(t) aW}F,

the backward 1t6 formula is:

Af(t, XP) = 0uf(t, XP)dt + Vf(t, XP) - dX P —e(t)Af(t, X[P) dt.

The Laplacian sign changes because time is reversed.



ORNSTEIN-UHLENBECK PROCESS

Score-based diffusion often uses:
dZ, = —Z, dr 4+ V2 dW,.

Solution:
Zr=e Tx1+V1—e 272
AsT — oo
Zr = N(O, Id)
The stochastic interpolant time change:
t=e T

gives:

Zflogt =tz +V1—-122.



SCORE MATCHING

For a density p, the Hyvérinen score matching objective is:

/ (14(2)[2 + 2V - 8(2)) p(x) da.

/v'ép:_/é'vﬂ:—/é-sp.
/(‘§|2+2V'§)p:/|§*5|2P*/|s|2p.

Using integration by parts:

Therefore:



DENOISING SCORE MATCHING

xy = I(t, wo, 21) +7(t)2,
then the stochastic interpolant score identity is:
s(t,z) = =y L(E[z | ¢ = ).
Thus learning a denoiser
n:(t,x) = Elz | z¢ = 2]
is equivalent to learning the score:

s(t,x) = =y~ H({t)n=(t,2).

This avoids computing V - 5.



LEAST-SQUARES REGRESSION PRINCIPLE

Let Y be an L2 random variable and X another random variable. Then:
9" (@) =E[Y | X = 4]

is the unique minimizer of:
R 1
e |5laCOP = - 9(x)]

Proof: L L
B[0P =¥ 90| =& [Jla0P ~ElY | X]-900)]

Complete the square:
1 1
= SElg(X) = g"(X)? = SElg" ().



WHY QUADRATIC OBJECTIVES APPEAR

The velocity is a conditional expectation:
b(t,xz) = E[i¢ | x¢ = .

Therefore it is a least-squares regression target:

1 1 - R
b= arg mjn/ E |:5\b(t, x4)|? — iy - b(t, (Et):| dt.
b 0

The denoiser is also a conditional expectation:
n:(t,2) = Elz | o = a].

Thus: L
1
Ny = argmin/ E {ﬁﬁ(t, z)]? —z- ﬁ(t,xt)} dt.
i1 Jo 2



RELATED WORK I: DETERMINISTIC TRANSPORT

Normalizing flows learn an invertible map:
T:RT - RY Typo = pr.

Density formula:
p1(T(2)) = po(x) |det VT(x)| "

Continuous normalizing flows use:
Xt =bg(t, X¢),
with likelihood: L
log p1(X1) = log po(Xo) — /0 V - bg(t, X¢) dt.

Training by maximum likelihood can require differentiating through ODE solves.



RELATED WORK II: SCORE-BASED DIFFUSION

Score-based diffusion prescribes a noising process:

dXt = f(t7 Xt) dt + g(t) th

The reverse process has drift:
—f(1—s,2) + g*(1 — 5)Vlogqi—s(x).

The unknown object is the score:
V log q¢(x).

Itis learned by denoising score matching:

E [A(®) llso(t, 1) = Ve, log a(ae | 20)2]



RELATED WORK IIl: STOCHASTIC BRIDGES

A stochastic bridge conditions a process on endpoints. For example, Brownian bridge:

General bridge constructions often require a Doob h-transform:

bridge drift = original drift + aV log h.

The function h is generally intractable.
Stochastic interpolants avoid this by specifying directly:
@i = I(t, w0, 21) + (1)

No Doob transform is required to sample = during training.



RELATED WORK IV: FLOW MATCHING

Flow matching constructs conditional probability paths and learns a marginal velocity:

v(t,x) =Eu(t,z | 2) | x¢ = 2.

Stochastic interpolants generalize this viewpoint by allowing:
zy = I(t,z0, 21) + ()2,
where both endpoints can be non-Gaussian.

They also introduce:
s(t,x) = Vlog p(t, x)

and a tunable diffusion coefficient:
e(t) > 0.



RELATED WORK V: OPTIMAL TRANSPORT

Optimal transport asks for a map or coupling minimizing transport cost:

inf /|11 — zo|?7(dzo, dzy).
7€(po,p1)

The dynamic Benamou-Brenier formulation:

1
inf/ /|v(t,z)\2p(t,z) dzdt
pv Jo

subject to:
Otp+ V- (vp) = 0.

Stochastic interpolants can be optimized over to connect with optimal transport and Schrédinger bridges.



RELATED WORK VI: SCHRODINGER BRIDGES

Schrodinger bridge problem:
1
min/ / lu(t, z))%p(t, z) dz dt
0

pru

subject to:
Op+ V- (up) =elp,

p(0) = po,  p(1) = p1.
Itis entropy-regularized transport.

The stochastic interpolant paper shows how a max-min optimization over interpolants recovers the Schrodinger bridge.



RELATED WORK VII: CONVERGENCE BOUNDS

A central question:
If we learn an approximate drift/score, how close is the generated law?

Distances include:
KL, TV, Wa, likelihood gap.

The stochastic interpolant result:
1 €
KL(p1[1p(1)) < — ALy + - AL,
2e 2
for stochastic dynamics.

For deterministic dynamics, drift regression alone is not enough; Fisher control appears.



THE PAPER’S CENTRAL CONTRIBUTION

Given:
zy = I(t,z0,21) + (t)2.

The paper proves:
plt) = L)
is smooth, positive, and solves:
Op+ V- (bp) =0,
where:
b(t,z) = E[t¢ | ¢ = x].

It also proves:
s(t,x) = Viog p(t, ) = —y L ()E[z | 2t = ).

Both b and s are learnable by quadratic objectives.



PROBABILITY PATH TO SAMPLERS

Once b and s are known, define:
b =b+es, bB =b—es.

Then p(t) solves:
dep+ V- (b7 p) = eAp,
and:
Ap+ V- (bPp) = —eAp.
Therefore:
dxF =oF(t, XF)dt + v/2e dW;

and the corresponding backward SDE sample the same path of laws.



PROOF METHODOLOGY

The proofs rely on four repeated mechanisms:

1. Fourier analysis
g(t, k) = Ee'* e,

2. Conditional expectation
E[f | z¢ = z]p(t, z) = density-weighted conditional mean.

[ovii=-[vo-i

1 £12 A_lAi 271 2
SR =1 F=1F =112 = 510

3. Integration by parts

4. Quadratic completion



REGULARITY EXPECTATIONS

The latent Gaussian term gives:
p(t,) e CX(RY) 0<t<l1.

Endpoint regularity is controlled by assumptions:

pi >0,  p; € C*RY), /\Vlogm\zﬂi < 0.

The interpolant regularity assumptions control:
E|6:1)*,  E|6Z1)%

These ensure b € L?(p) and the objectives are finite.



ENDPOINT SUBTLETIES

Although v(0) = (1) = 0, the score formula contains:
s(t,x) = =y L(E[z | z¢ = x].

Thus s(t, x) is naturally defined for:
0<t< 1.

Endpoint statements require limits and Fisher information assumptions.

When:

then:
. . a . o
lm @A) =3,  limy ()30 =

Endpoint velocities can contain endpoint scores.

Nl e



WHAT STUDENTS SHOULD BE ABLE TO PROVE

By the end of Semester I, students should prove:

ze=1+~vz = pt)>0,p(t)eC®.
Oip+ V- (bp) =0.
b = argmin Ly, s = argmin Lg, 7. = argmin L, .
bl =btes = dp+V-(bFp)=cAp.

. 1 €
KL(pillp(1) € 5 ALy + SAL.



SUGGESTED WEEKLY STRUCTURE

Weeks

Focus

© 00 N O U W N

N e el
B W N~ O

Measure, weak PDE, conditional expectation
Fourier analysis, Gaussian smoothing
Transport equations and CNF likelihood

It6 calculus and Fokker-Planck

Stochastic interpolant definition and Theorem 6
Quadratic objectives and score identity
ODE/SDE generative models

KL control and likelihood theory

Density estimation and cross-entropy
Diffusive and one-sided interpolants
Schrodinger bridges

Spatially linear interpolants

Connections and algorithms

Student proof presentations



DOCUMENT | SUMMARY

The rest of the semester depends on the following dictionary:

interpolant  :  x¢ = I(¢,x0,z1) + v(t)z,
density path ' p(t) = L(x¢),
velocity :  b(t,z) = E[@¢ | ¢ = z],
score :  s(t,z) = Vlogp(t,z),
transportPDE  :  9ip+ V- (bp) =0,
Fokker-Planck PDE  : O¢p + V - ((b + £5)p) = eAp.

Next document:

Definitions, assumptions, transport equation, score identity, and quadratic objectives.




