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DOCUMENT II: MAIN THEOREM CHAIN

This document proves the core structural results:
xy = I(t,z0,21) + ()=

implies:
p(t) = L(z:)
is smooth and solves:
Otp+ V- (bp) =0.

Then:
b(t,x) = Elér | o = a]
and
s(t,z) = Vg p(t,x) =~y ()E[z | o = a].

Both are unique minimizers of explicit quadratic objectives.



DEFINITION: STOCHASTIC INTERPOLANT

Given two densities pg, p1 on R%, a stochastic interpolant is:
@ =I(t, o, z1) +v(t)z,  tE€]0,1],

where:
(z0,71) ~ v, 2~ N(0,1,), z L (zo,71).

The coupling v satisfies:
V(d:ro,Rd) = po(zo) dzo, Z/(Rd, dz1) = p1(x1) dey.



ENDPOINT CONDITIONS

The interpolation map satisfies:
1(0,z0, z1) = o, I(1,z0,21) = 1.

The latent amplitude satisfies:
7(0) =~(1) = 0.

Therefore:
Tt=0 = Z0, Ti=1 = Z1.

Hence:
p(0) =po,  p(1)=p1.



REGULARITY ASSUMPTIONS ON [

The paper assumes:
I e C?([0,1], C?(RY x R,

Growth condition:
AC) < o0 : |8tl(t,xo,x1)| SCl‘IofaSl .

This prevents the path from moving too fast relative to its endpoints.

Later moment assumptions ensure:
E|0:1|* < 00,  E|OZI]? < oo.



REGULARITY ASSUMPTIONS ON 7y

The latent amplitude satisfies:
~v:[0,1] — R,
¥(0)=~(1) =0, ~(t)>0 Vte(0,1),
and:
72 € C%([0,1]).

Important point:
~ itself need not be C'! at the endpoints.

Example:
v(t) = /2t(1 —t)

has~2 € C2, while % is singular at endpoints.



ASSUMPTION ON ENDPOINT DENSITIES

The endpoint densities satisfy:
pi >0, pieC?RY, i=0,1.

Endpoint Fisher information is finite:
[, 19108 p0@) po(a) do < o,
]R(

/d |V log p1(z)|?p1(2) dz < oo.
R

These assumptions are needed for endpoint score control.



MOMENT ASSUMPTIONS

The coupling v and interpolation map I satisfy:
AM;, Mo < o0 :

E[0:I(t, x0,1)[* < M,
E‘ar?[(t7$07$1)|2 < M27
forall¢ € [0, 1].

For the linear interpolant:
I(t,z0,21) = (1 — t)zo + tz1,

Ol = x1 — x0.

Thus finite fourth moments of pg, p1 suffice.



CONDITIONAL EXPECTATION CONVENTION

For a function f(t, zo, z1, 2), define:
E[f(t, z0,21,2) | ¢ = ]

by:
[ #@ELf | e = alo(t,a) de = Big(a0) ]

forall¢ € Cg°(RY).

This is the rigorous meaning of conditioning on z; = x.



THE DENSITY p(t, x)

The density p(¢, x) is defined through:
/}R | B(@)p(t,) dz = Bl(a0)]

The proof will show:
p(t, ) exists for all ¢,

p(t,x) >0,
and

peCi(0,1;CcP(RY))  VpeN.

The latent Gaussian factor is the reason for interior smoothness.



THEOREM 6: STATEMENT

Letaxy = I(t, z0,x1) + v(t)z. Thenits law is absolutely continuous with density p(¢, x).

Moreover:
p(0) = po, p(1) = p1, p(t,z) > 0.

The density solves:

[0ip+V - (bp) =0

where:

\ b(t,z) = E[i¢ | z¢ = 2] = E[0¢] + 5z | x4 = x].

Also:
/|b(t7 2)[2p(t, z) dz < oo.



PROOF OF THEOREM 6: CHARACTERISTIC FUNCTION

Define:
g(ta k) = Eeik‘mt,

Since:
ze = I(t, w0, 71) + 7(t)z,
with z L (zo,z1),
g(t, k}) = Eeik‘l(tvIO»Il)]Eei’y(t)k»z-

Because z ~ N (0, Iy):
Eeivks = ¢~ 37’ 1KI%,

Thus:

gt, k) = g1 (t,k)e 27 (DIE*




GAUSSIAN DECAY

Because:
lgr(t, k)| < 1,

we have:
lg(t, k)| < e~ 27V (DIK2,
For0 < ¢t < 1,7(t) > 0, hence:
R

Therefore Fourier inversion gives:
plt.) = (2m)~ [ = g(t, k) b,

and:



POSITIVITY OF p

Let ur(t) = L(I(t,z0,x1)). Then:

1 lz — yl?
62) = |, Gy (-5 ® ) b )

The Gaussian kernel is strictly positive:

y(t)(T —y) > 0.

Therefore:
p(t,x) >0 vV, 0<t<l1.

At endpoints, strict positivity follows from the assumptions on po, p1.



DIFFERENTIATING THE CHARACTERISTIC FUNCTION

Differentiate:
g(t, k) = Ee'* =t

Since:
&y = Ol (t, w0, 1) +5(t)z,
we obtain:
Big(t, k) =E [zk iy e“m] .
Define:
m(t, k) = E[ipe™7t].
Then:

Aug(t, k) = ik - m(t, k). \




IDENTIFYING m(t, k)

Using conditional expectation:
m(t, k) = E[iet* o]

—E [E[j:t | xt}ei“f«] .
Since:
b(t,z) = E[#¢ | ¢ = 2],

we get:
m(t, k) = / e Th(t, ) p(t, z) da.
Rd

Thus m(t, k) is the Fourier transform of bp.



TRANSPORT EQUATION IN FOURIER VARIABLES

We have:
Org(t, k) =ik - m(¢, k).
But:
a(t.k) = [ ¢ pit.z) da,
s0:
Dug(t, k) = /eik'matp(t, z) dz.
Also:
ik-m(t k) = /eik'wik -b(t, z)p(t, ) dz.
Since:

FIV - (bp)](k) = —ik - m(t, k)
under the e**'® convention, we get:
Ohp+ V- (bp) =0.



WEAK PROOF OF TRANSPORT EQUATION

Equivalently, for ¢ € C§°:
= [ o0= S Blow0) = BVo(@1) il

Use conditional expectation:
E[V(xt) - ¢1] = E[V(wr) - b(t,z2)].

= o= [vo-tp

Otp+ V- (bp) =0.

Therefore:

This is:



REGULARITY OF b: GAUSSIAN INTEGRATION BY PARTS

Recall:
m(t, k) = E[(8,] + §z)ett L+72)],

Separate:
; 121112 . .
m(t, k) =E[0:] elk'l}efyy L "ylE[elk'I}E[ze“’k'z].

Gaussian identity:
E[ze7%%] = ink e 37 IkI%,

Thus:
. 1.2 2
m(t, k) = E[(0:] + iyyk)eFT)e 27 1RI7



REGULARITY OF bp

The Gaussian factor gives:

By Fourier inversion:

Since:

we can divide:

Thus:

under the stated moment assumptions.

/\k\ﬁ\m(t, k)| dk < oc.
b(t, )p(t, ) € CP(RY).
p(t, ) >0,

_ b(t, x)p(t, ) .

b(t, x) ot 2)

b e CO([0, 1]; (CP (RY))D)



L?(p) BOUND FOR b

By Jensen:
|b(t, )|* = |E[is | 2 = 2]|* <E[|d¢|? | 24 = a].

Integrate against p(¢, x) du:
[P pte.) do < Blaf
Since:
¢ = 0l + Az,
the moment assumptions and Gaussian moments imply:

E‘C.ﬂt|2 < 00.



ENDPOINT VELOCITY FORMULA

Att = 0,x¢ — xo. The endpoint velocity can contain score terms:

b(0,z) =Eq[0:1(0, z, x1)] — tlg% A(t)y(t)V log po(z).

Att =1:
b(1,2) = Eo[0r1(1, 20,)] — lim 4(1)y(t)V log p1 ().

Here E; and Eq denote conditional expectations over the other endpoint under the coupling.



THEOREM 6: PROOF SUMMARY

The proof consists of:

gt k) = g1 (¢ k)e =7 IF*/2;

Gaussian decay gives smooth density by Fourier inversion;
Gaussian convolution gives positivity;

Org = ik - m;

m = Flbp];

Fourier inversion gives d¢p + V - (bp) = 0;

N ot e W N

Jensen givesb € L2(p).



THEOREM 7: VELOCITY OBJECTIVE

Define: L
~ 1 - ~
Lb[b]:/ IEI[g\b(t,xm?—(8t]+7z)~b(t,act) dt.
0

The theorem states:

b = argmin Ly[b].
b

The minimizer is unique because:
p(t,z) >0

forall ¢, z, and the objective is strictly quadratic pointwise in b.



PROOF OF THEOREM 7: CONDITIONING

Let:
Ty = Ol + 2.
Then:
E[(ﬁt . i)(t, xt)] = ]E[]E[.’L’t ‘ (Et] . b(t, wz)]
Since:
E[i¢ | z¢ = x] = b(t, x),
we get:

Ly[b] =/01/ [%\i)(t,xﬂzfb(t,:p)-l;(t,z)] p(t, ) dz dt.



PROOF OF THEOREM 7: COMPLETING THE SQUARE

Compute:

1. A 1. 1
—b2—b-b==]b—0b® - =|b]2.
2 2 2

. 1 1 . 1 1
Ly[b] = = |b—b]?p dedt — = |b]?p da dt.
2 Jo 2 Jo

The second term is independent of b. Thus:

Therefore:

o
Il
(=p

is the unique minimizer.



EXCESS VELOCITY LOSS

The proof also gives the exact excess-risk identity:
R 1 /Y. 5
Lyfb] - Lylt) = 5 b(t, @) — b(t, @) Pp(t, x) da dt.
0

This identity is later used in the likelihood bound:

1 2
ALy = iHb_ bHL2<p dt)



VELOCITY v WITHOUT LATENT DERIVATIVE

Define:
v(t,x) = E[0:I(t,x0,z1) | ¢ = x].
Since:
b(t,z) = E[O:] + Y2 | ¢ = ],
and:
Elz | ¢ = z] = —7s(t, z),
we obtain:

[b(t,2) = v(t,2) = ¥ W)s(t,2). |

The corresponding objective:

Ly[0] = /Olﬂ«: [%\@(t,u)\z —8tI~f1(t,:ct)] dt.



THEOREM 8: SCORE IDENTITY

Theorem 8 states:

s(t,x) = Vlog p(t,z) = =y~ (H)E[z | &4 = a],

forO0 <t < 1.

Equivalently:
E[Z ‘ Tt = iﬂ]p(t,:ﬂ) = —v(t)Vp(t,a:).

This is a denoising identity: the conditional mean of the injected noise gives the score.



PROOF OF THEOREM 8: FOURIER TRANSFORM OF CONDITIONAL NOISE

Compute:
E[zeik‘“] = E[eik'l]ﬂf[zemk'z].

Forz ~ N(0,1,): ‘ o,
E[ze"%'?] = iyke 27 17,

Thus:
El[ze™* ®t] = in(t)k g(t, k).



PROOF OF THEOREM 8: COMPARE WITH Vp

By definition of conditional expectation:

E[ze'* *t] = /eik'zE[z | ¢ = z]p(t, z) dz.

Also:
FVpl(k) = /e“””Vp(r) dx = —ik g(k).
Since:
Elze™*t] = ivkg(k),
we identify:

Elz | a: = alp(t, @) = —(8)Vp(t, 2).



PROOF OF SCORE IDENTITY: DIVIDE BY p

Because:

we may divide:

Therefore:

That is:

where:

p(t,z) >0,

o Vo(t,z)
Blz | o0 =] = ()~ 5
Volt,z) = -7 Z|lxe =2
o) - Y(DE[z | 2 = a].

S(tv I) = _"/—1 (t)nz(tv JJ),

n:(t, ) =Elz | 2y = z].



L?(p) BOUND FOR THE SCORE

By Jensen:
Is(t,2)|2 = 7 2(D)|E[z | &2 = a]|? <7y 2(B)E[|2[? | 20 = 2],
Integrating:
[ st o)Pott, ) de < 42 (0BJ P
Since:
E|z|? = d,
we get:

[0 <ar.



ENDPOINT SCORE INTEGRABILITY

Although:
dy72(t) = o0

neart = 0, 1, the endpoint assumptions ensure:

/IVlogpono < o0,

/IVlogp1|2p1 < oo.

Thus the limiting endpoint score behavior is controlled by the finite Fisher information assumptions.



THE SCORE OBJECTIVE

Define:

Using:

we rewrite:

Therefore:

L.[4] :/Oluz {%L@(t,xtﬂz+'y_1(t)z-§(t,:pt)} a.

TTElz |2 = 2] = —s(t, @),

L5[§}:/01/{%\§\27s-§}pdazdt.

s = argmin L[§].
S



PROOF OF SCORE OBJECTIVE

Complete the square:

1 1 1
7|§|2—s-§:7|§—s\2—7|s\2.
2 2 2
Therefore:
L[s] 1/1/|A 2 1/1/||2
§l= - S§—s|"p— = s|“p.
# 2 /o 2 /o
Hence:

Ls[é]—Ls[s]:%/Ol/Lé_SPp.

The unique minimizer is:

w>
Il
n



DENOISER

Define:
n:(t,2) = Elz | o = a].

Then:
s(t, ) = =y ()= (t, 2).

The denoiser objective is:
I
Lol = [ B[ Jlastta0l = 5 it a
0

Its minimizer is:



PROOF OF DENOISER OBJECTIVE

Condition on x;:

Ly, 0] = /01/ Blﬁz(t,acn2 —Elz |zt = 2] -ﬁz(t,a:)] p(t, z) da dt.

Thus:

. 1 . 1
Ly, [z] = §/Inz —n:*p — §/Inz\2p-

Hence the unique minimizer is:
ne(t,x) = Elz | 24 = a].



WHY LEARN THE DENOISER INSTEAD OF THE SCORE?

The score objective contains:
(D)=

This can be singular near endpoints because:
7(0) =~(1) = 0.

1
Ly, :/IE {5|ﬁz\tz-ﬁz] dt

The denoiser objective:

has no v~ ! factor.

Then recover:
8(t, @) = =y~ ()= (t, ).



ALTERNATIVE SCORE MATCHING OBJECTIVE

Since s = V log p, one may also use:

/01 E [|&(t o) +2V - 4(t,21)] dt.

E[vs(t,mt)}:/V~§p:—/§-vp:—/§~sp.
[ 5=

Integration by parts gives:

Hence this objective differs from:

by a constant.



ENERGY-BASED INTERPRETATION

Because the score is a gradient:
s(t,z) = Vlog p(t, ),

we may parameterize:
3(t,z) = —VE(t,z).

The score objective becomes:

1
. 1 ~ .
LE[E]:/ E[§|VE(t,xt)\2+7*1z-VE(t,a:t) dt.
0

The energy is defined up to additive constants.



COROLLARY 10: FORWARD FOKKER-PLANCK EQUATION

For any:
eeC’(0,1), et >0,
define:
bE (¢, @) = b(t, z) + e(t)s(t, z).
Then:

Aip+ V- (b p) = e(t) Ap.

Initial condition:
p(0) = po.

Solution at the terminal time:
p(1) =p1.



PROOF OF FORWARD FPE

Start with the transport equation:
Otp+ V- (bp) =0.

Since:
s = Vlogp,
we have:
sp = Vp.
Thus:
Ap=V - -Vp=V-(sp).
Now:
V- (0"p) =V (bp) +eV - (sp) = V- (bp) + Ap.
Therefore:

Op+ V- (bFp) = eAp.



COROLLARY 10: BACKWARD FOKKER-

Define:

Then:

Final condition:

When solved backward in time:

PLANCK EQUATION

bB(t,x) = b(t, z) — e(t)s(t, x).

Bp+ V- (bBp) = —e(t)Ap.

p(1) =p1.

p(0) = po.



PROOF OF BACKWARD FPE

Again:

Using:

we obtain:

Since:

we get:

Ap =V -(sp).
B

=b—es,

V- (bPp) =V - (bp) =€V - (sp) = V - (bp) — eAp.

Op+ V- (bPp) = —cAp.



ONE DENSITY, INFINITELY MANY DYNAMICS

The same p(t) satisfies:
Op+V - (bp) =0,

and for every e(t) > 0O:
Otp+ V- ((b+es)p) =eAp.

Thus:

‘ The diffusion coefficient changes the sampler, not the density path.

This is one of the central conceptual points of stochastic interpolants.



FORWARD AND BACKWARD DRIFTS

The two stochastic drifts are:
b =b+es,

bB =b—es.

Their average gives the probability-flow velocity:

1
b= 5(bF +b5).

Their difference gives the score:
1

= — (" —bP).
28( )

S

Thus learning b and s learns both forward and backward stochastic samplers.



EXACT EXCESS-RISK IDENTITIES

The objectives give exact L2 (p) errors:

Lofb] — Lofb] = / /|bfb| p dzdt.
Ls[38] — Ls[s] = / /|s—s\ p dzdt.

. Lt
Looli) = Lo = 5 [ [ s = el azat

These identities are the bridge from regression to likelihood control.



TRAINING SAMPLES

To estimate the objectives, sample:

t; ~ Unif[0, 1], (zf,2) ~ v, zi ~ N(0,14).

Construct:
wy, = I(t;, w6, 1) + v(ti)zi-

Empirical velocity loss:

N
-1 1. , ) . .
B =5 2[00t = (@0l + 4u32) - 80s,24,)
i=1



EMPIRICAL DENOISER LOSS

The empirical denoiser loss is:

Then:

For stochastic sampling:



CANONICAL EXAMPLE

Let:
I(t7x07xl) = (1 — t)Io + txq,
v(t) = V2t(1 - ).
Then:

zy = (1 —t)zo + teg + /2t(1 — t)z.

Velocity target:
1—-2t

oD

Ty = x1 — T0 +

The learned velocity is:
b(t,z) = E[t¢ | ¢ = x].



ENDPOINT BEHAVIOR IN THE CANONICAL EXAMPLE

For:

7(t) = V2T — b),
we have:

Y(OF(t) =1 - 2t.
Thus:

lim 4 = 1 lim v = —1.
lim~y =1, lim vy

Endpoint velocities contain score corrections:
b(0,2) = E[z1 — 2 | mo = z] — Vlog po(),

b(1l,z) =E[x —xo | x1 = x] + Vlogp1(z).



COMMON PITFALL: ¢ IS NOT THE SAMPLER

The interpolant:
xe = I(t,z0,21) + ()2
uses both zp and z;. Itis used for training because samples from both endpoint distributions are available.
But at generation time, x is unknown.
Instead, after learning b, s, generate with:
Xy = b(t, X¢)
or:
dX; = (b+€8)(t, X¢) dt + V2e dWy.



COMMON PITFALL: € AND 7y

~(t) appears in the interpolant:
e =1+ vz.

It changes the density path:
plt) = L)

(t) appears in the sampler:
dX¢ = (b+es)dt + V2 dWs.

It does not change p(t) when b, s are exact.

Thus:

~ = path design; e = sampler design. ‘




PROOF EXERCISE 1

Prove the least-squares conditional expectation identity:

ForY € L2, show:
g =ElY | X =]
minimizes:

1

ol =& 3P =¥ )]

Required proof:
Tl =& [ §lal0P ~EIY | X]-0)]

then complete the square.



PROOF EXERCISE 2

Starting from:

Tt = I(t’ Zo, Il) + ’Y(t)z7
prove:

E[ze?* ] = iy(t)k g(t, k).

Then use Fourier inversion to prove:
Elz | 24 = lp(t,x) = () Vp(t, 2).

Conclude:
s(t,z) = —y ' (DElz | ¢ = al.



PROOF EXERCISE 3

Prove Corollary 10.

Given:
Otp+ V- (bp) =0, s = Vlogp.
Show:
Ap =V -(sp).
Then prove:
dep+ V- ((b+es)p) = eAp,
and:

Op+ V- ((b—es)p) = —eAp.



DOCUMENT Il SUMMARY

We proved:
=1+ vz = p(t) = L(x¢)

is smooth, positive, and satisfies:
Ohp+ V- (bp) =0.
The key identities:
b(t,z) = E[Oi] + Az | ¢ = ],
s(t,x) = —y B[z | @ = ).

The key objectives:
b = argmin Ly, s = argmin Lg, N, = argmin Ly .

The key PDE family:
Otp+ V- ((b+es)p) =elp.



