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DOCUMENT III: MAIN GOAL

Document Il proved that the interpolant density satisfies:

and:
Otp+ V- ((b+es)p) =elp.

generative models

likelihood control and density estimation formulas.

Document Ill turns these PDEs into:

and proves:

Core question:
If b, § are learned imperfectly, what can we guarantee?



THREE DYNAMICS WITH THE SAME MARGINALS

The same density path p(t) can be realized by:
1. Probability-flow ODE
X = b(t, Xy).
2. Forward SDE
dxF =P (t, XFydt + /2e(t) dWy, b =b+es.
3. Backward SDE
dXP =B (t, XB)dt + /2e(t) dWF,  bB =b—es.



COROLLARY 18: PROBABILITY-FLOW ODE

If:
Xo ~ po,
d:
” 4 ¥, = bt x0)
vt = ol A,
then:
X~ p(t) vt € [0,1].
In particular:
Xl ~ pP1.
Likewise, solving backward from:
X1 ~p1

recovers:
Xo ~ po-



PROOF OF PROBABILITY-FLOW ODE CLAIM

Let 5(t) be the law of X. The ODE flow implies:
0tp+ V- (bp) =0.

The interpolant density satisfies:
Op+ V- (bp) =0.

Initial data agree:

By uniqueness of the transport equation:

Thus:
X1~ p(1) = p1.



COROLLARY 18: FORWARD SDE

Let:
X§ ~ po,

and solve:
dXF = bF(t, XF)dt + /2e(t) dWy.

The density of X/ satisfies:
op+ V- (bFp) =erp.

The interpolant density satisfies the same FPE:

dp+ V- (b p) =eAp.

Therefore:



COROLLARY 18: BACKWARD SDE

Let:
X{B ~ p1.

Solve backward:
dXP =B (t, XP)dt + /2¢(t) aWE.

The density satisfies:

Oup+ V- (b%p) = —eAp,
with final condition:

p(1) =p1.

Thus:

XtB ~ p(t), Xég ~ Po-



BACKWARD SDE AS FORWARD SDE

Define:
F B
zZy = Xi .

Then Z[" solves a forward SDE:
dzF = —bB(1 —t, ZF) dt + /2e(t) dWs.

Initial condition:
zF = XB ~ p1.

Thus backward sampling from p; to pg can be implemented in forward time.



IMPORTANT DISTINCTION

The processes:
F B
ze, Xe, Xi, Xj

are not the same stochastic process.
But:

Llar) = LX) = LXF) = LXP) = p(0).
Generative modeling only needs the terminal marginal:

X1~ p1.

Pathwise differences matter for:

numerical error, statistical robustness, likelihood control.



REVERSE ITO CALCULUS

For:
dXP =bP(t, XP) dt + /2¢(t) aW /P,

and f € C12:

df(t, XP) = 0uf(t, XP)dt + Vf(t,XP) - dXP —e(t)Af(t, XP) dt.

The sign of the Laplacian is negative because the stochastic differential is backward in time.



PROOF OF REVERSE ITO FORMULA

Let:
XFZZF t

Set:
g(r,2) = f(1—1,2).

Apply forward It6 to:
9(r, ZE).

Since:
87’9(77 Z) = 78tf(1 =T, Z)z

and:
dr = —dt,

the diffusion term changes sign in the backward differential.

This yields:
df(t, XP) =0, f dt + V- dXP —eAf dt.



BACKWARD ITO ISOMETRIES

If g is sufficiently regular, then:
1
85 [ gr.XP)- aw? =0,
t

And:

! B B 2 ! By |2
Bp ([ ot XP) awP| = [ Eplo(r, XP)P ar.
t t

These follow by converting the backward integral into a forward It6 integral under the change:

T 1—T.



APPROXIMATE MODELS

In practice, learn:

Define approximate forward drift:

The approximate SDE:

Let 5(t) be its density:

Il
o
+
m
0>

dX[ = b7 (t, X)) dt + v/2e dW;.

Owp+ V- (bFp)=enp,  p0) = po.



LIKELIHOOD CONTROL QUESTION

We want to control:
KL(p1]1p(1)).

This is equivalent to controlling the cross-entropy up to the entropy of p;:

H(p1[1p(1)) = KL(p1[|p(1)) + H(p1).

Main result: 1
. €
KL(p1[1p(1)) < 5-ALy + S ALs.

This holds for stochastic dynamics with e > 0.



KL DIFFERENTIATION TEMPLATE

Let:

Differentiate:

Since:

this becomes:




LEMMA 21: TWO TRANSPORT EQUATIONS

Suppose:

Otp+ V- (bp) =0, p(0) = po,
and:

Oep+ V- (bp) =0,  p(0) = po
Then:

1
KL(p(1)[1(1) = /O [ (1085~ Viogp) - (- byp do




PROOF OF LEMMA 21: START

Let:

Using the KL differentiation template:

Insert:



PROOF OF LEMMA 21:

First term:

Second term:

Since:

the second term becomes:

INTEGRATION BY PARTS

—/V~(bp)logg:/bp~V1og£i.
p p

[os = firs(2).

v (5) = 2(Viogp— Viogp),
b p

—/I;p- (Vlegp — Viogp).



PROOF OF LEMMA 21: FINAL IDENTITY

Combine:
K= /bp- (Vlogp —Vlogp) — /Bp (Vlogp — Vg p).
Thus:
K= /(VlogﬁfVIng) -(b—b)p.
Since:

K (0) = KL(pollpo) = 0,

integrating from 0 to 1 gives Lemma 21.



WHY ODE DRIFT REGRESSION IS NOT ENOUGH

Lemma 21 gives:

1
KL(p)(0) = [ [(Viogs = Viozp)- (b =)

JIRE.

Vlegp — Viogp

Even if:

is small, the factor:

may be large.

Therefore deterministic likelihood control requires Fisher-type control:

Fl(plp) = [ V1ogp — Vlog %,



LEMMA 22: TWO FOKKER-PLANCK EQUATIONS

Suppose:
dp+ V- (b p) = eAp,
0p+ V- (b7p) = eirp,
with:
p(0) = p(0) = po,  &>0.
Then:

KLGIo) < o [ ' [ v dear



PROOF OF LEMMA 22:

Use:

Then:

becomes:

Similarly:

REWRITE AS TRANSPORT

Ap =V (pVlogp).

Op+ V- (b p) =clp

dp+ V- ((bF v logp)p) —o0.

Ap+ V- ((EF v logﬁ)[)) —o0.



PROOF OF LEMMA 22: APPLY LEMMA 21

Apply Lemma 21 with effective velocities:
uw=>bl"— eV log p,

Then:
i —u= (b —bf") —e(Vlogp — Vlogp).
Therefore:
k= [a @ =6")p = [la,
where:

a = Vlogp— Vliogp.



PROOF OF LEMMA 22: FISHER DISSIPATION

Thus:

L(p(1) 1501 / [ a6 =¥ <l

—<F1(pl|5).

The second term is:

This negative Fisher term is why stochastic dynamics provide likelihood control.
Use Young’s inequality:
1
a-c—elal?> < —|c.

With:



PROOF OF LEMMA 22: FINAL BOUND

Pointwise:
2 ci2 1

a-c—e¢la :fs‘af—) +—

4e

1
— |
2¢e

le? <
4e

Thus: L
KLp) < - [ [ 57 =472,

This proves the FPE likelihood bound.



THEOREM 23: SETUP

Let:
bF:b+€s7 b = b+ es.

The learned density satisfies:
Op+ V- (b"p) =erp,  p0) = po.

The theorem bounds:
KL(p1]1A(1)).

Recall:
p(1) = p1.



THEOREM 23: LOSS GAPS

From Document Il:

1
Ll =L = 5 [ [ =

rs - b= [ [1s=

These excess losses are exactly weighted squared errors under the interpolant law.



PROOF OF THEOREM 23

From Lemma 22: 1
KL(illp(0) < - [ 57 = b" .

But:
b —bF = (b—b) + (5 — s).
Use:
u+v[* < 2ful? + 2Jv].
Then:

167 — b2 < 2|b — b|? + 22[5 — 5|2



THEOREM 23: FIRST BOUND

Therefore: 1
N » e N
KLp1[p(0)) < o [ 1b=bPp+ 5 [ 15— sPo.

Using excess loss identities:

[ 1=t = 2L - L1,
[ 15 slp = 2(L.ls) - L.

Depending on normalization, the paper’s stated form is:

1 €
KL(p1]|p(1)) £ —ALy + —ALs.
2e 2




THEOREM 23: v, S VARIANT

Recall:

Define:

Then:

For:

we get:

This yields:

b=wv—~y%s.

b—b=(0—v)—vy(8§ — s).

Y — b = (b—b) + (5 —s),

BF —bF = (0 —v) + (e =115 —9).

1 y —g)2
KL< L AL, 1+ 3®07 =27\
2e 2e



OPTIMAL CONSTANT DIFFUSION COEFFICIENT

The first likelihood bound has the form:

where:

Differentiate:

Set B/(g) = 0:

Thus:

eC
Ble)= 2 + &2,
€)=+
A= ALy, C = ALs.
A C
Bl(e)= -2 4+ &,
) 252+2
-4
C
AL,




INTERPRETATION OF &*

If:
ALb < ALm
then:
e < 1.
Use mostly deterministic sampling.
If:
ALs < ALy,
then:
e" > 1.

More stochasticity helps the KL bound.

But large e increases numerical cost and sampling variance.



DENSITY ESTIMATION FOR THE ODE

Let X ¢(x) solve:
d “
aXs,t(x) =b(t, Xst(z),  Xss(2) =2
Op+V-(bp)=0,  H(0) = po,
then: .
p(t, ) = exp (—/ V- b(r, Xt,(x))dr) po(Xt.0(x)).
0



PROOF OF ODE DENSITY FORMULA

Along a characteristic:
d. S5 oa
—p(t, Xst) = Oep+b-Vp.

dt
The transport equation:
Op+ V- (bp) =
is:
Op+b-Vp=—(V-b)p
Therefore:

d .
<7 108t Xs ) = =V - b(t, Xs0).

Integrate.



BACKWARD ODE DENSITY FORMULA

A1) = p1,
then:

p(t, ) = exp (/tl V- b(r, Xer (2) dr) (X1 (2)).

This follows by integrating the same characteristic identity from ¢ to 1.



ODE CROSS-ENTROPY FORMULA

If 5(0) = po, then:
H(p1][p(1)) = —Ezy~p, log p(1, 21).

Using the ODE density formula:

1
H(p1llp(1)) =E1/O V- b(r, X1,7(x1)) dr — E1 log po(X1,0(1)).




REVERSE ODE CROSS-ENTROPY

If 5(1) = p1, then:
H(pol|p(0)) = ~Exgr g log (0, z0).

Using the backward formula:

1
H(pol15(0)) = —Eo /0 Y - b(r, Xo,+ (x0)) d7 — Eg log p1 (Xo,1 (20)).




SDE DENSITY ESTIMATION: SETUP

Let:
I;F:13+e§, BB =b—es.

Forward model density:
apt + V- (07 p") =enp”,  p(0) = po.

Backward model density:
apP + V- (b5pP) = —eap®,  pP(1) = p1.



AUXILIARY SDES

To estimate densities, switch the drifts.

Auxiliary forward SDE:
Ay =bB(t, Y, dt + V2edWy, Y] ==

Auxiliary backward SDE:
dv,? =¥ (¢, Y2 dt + V2edwf, Y =uz.

These are not the samplers; they are density-estimation devices.



THEOREM 26: FORWARD FPE DENSITY FORMULA

For:
opt + v (BT =enp”,  pT(0) = po,

we have:

pF (1,0) = 5 [oxp (- /0 V(Y at) o).

Here Y,P solves the auxiliary backward SDE with drift 5™ and terminal condition Y,? = z.



THEOREM 26: BACKWARD FPE DENSITY FORMULA

For:
0ip® + V- (bPpP) = —enp®,  pP(1) =p1,

we have:

§°0.0) =B [oo | BRI at) v

Here Y,F" solves the auxiliary forward SDE with drift 5 and initial condition Y{" = z.



PROOF OF THEOREM 26:

Let:

solve the forward FPE.

Apply backward It6 to:

where:

Backward It6:

KEY COMPUTATION

pr (t, YP),

dv,? = b7 (¢, V,P) dt + V2e dW/P.

dpf" = o pt dt + VT - dv,P — eApT dt.



PROOF OF THEOREM 26: USE THE PDE

Substitute:
o pt = =V - (b7 pT) + enpT.
Then:
dpf (4, v, Py = —=v - (b pT") dt 4+ bF - VT dt + V2evpT - WP,
Since:
V- (0FpF) = (V- bF)pF + 07 - vp",
we get:

dp?" = —(v - b)p" dt 4 martingale.



PROOF OF THEOREM 26: EXPONENTIAL MARTINGALE

Define:

1
Ay = exp <7/ v-bF(T,YTB)dT) .
t

Then:
dAr = Ay V- bF (1, V. P) dt.

Using product rule:
d(Aep" (, V7)) = Av2eVpF (1, YP) - aw .

Hence:
Aep" (8, Y,P)

is a backward martingale.



PROOF OF THEOREM 26: TAKE EXPECTATIONS

Condition on:
YIB =z
Att = 1:
Al = 1, ﬁF(]-leB) = ﬁF(lvx)
Att = 0:

1
Ao = exp (—/ V‘IA)F(t,YtB)dt>,
0

A7 (0,Y5?) = po(YFP).

Martingale equality gives the formula.



PROOF OF BACKWARD FORMULA

The backward density formula is analogous.

Apply forward It6 to:
PP, Yi"),

where:
AvE = 0B (1, v,F) dt + V2e dW.

Use:
0:pP + V- (b8 pP) = —eApB.

The product:
t
exp (/ v - bB(r, Y_,.F)d7'> PP, Y,
0

is a forward martingale.



SDE CROSS-ENTROPY: EXACT FORMULA

For the forward FPE model:
H(leﬁF(l)) =—Ezy;~py logﬁF(l,_m).

Using Theorem 26:

~ . _ (Ll oliF B
H(p 0" (1)) = ~Bi log B [e= f3 77 (-3 4t )]




BACKWARD SDE CROSS-ENTROPY

For the backward FPE model:
H(po|[5” (0)) = ~Egmpo log p7 (0, z0).

Using Theorem 26:

. = ‘1 o.iB F
H(pol|p% (0)) = ~Eo log B3P [eJo V07X dty, (v




JENSEN UPPER BOUND

The exact SDE cross-entropy contains:
—logE[---].

Using Jensen:
—logE[e™*po(Y0)] < E[A] — E[log po(Y0)]-

Thus: .
H(pu |07 (1) < 215 [ V07 (2, Y) de — BB log po (V)
0



WHAT JENSEN LOSES

The paper also identifies the missing correction:
1
H(p1[p" (1)) = EAER / [v b —£|Vlog ﬁFF] dt — E,EF log po (Y.
0

The term:
V log p

is generally unavailable.

Using § as a proxy is possible but not controlled in general.



ODE VS SDE DENSITY ESTIMATION

ODE density estimation:
onepath Xy ¢(z1) = logp(l,x1).

SDE density estimation:
expectation over auxiliary paths YtB.

ODE: 5
p(L,z) =e I Vpo(X10(2)).

SDE: .
pF(1,2) = B, [e_fv'b po(YOB)] .



LIKELIHOOD CONTROL VS DENSITY ESTIMATION

Likelihood control theorem: 1
N €
KL(p1 (1)) < 5= ALy + AL,

Density estimation formula:
~ —_ .AF
pF(1,z) = [e [ Vb PO(Y()B)] }

Thefirst is a theoretical guarantee. The second is a numerical estimator for evaluating model likelihood or cross-entropy.



HUTCHINSON TRACE ESTIMATOR

In high dimension:
V- b(t,xz) = Tr(Veb(t, z))

is expensive.

If € is a random vector with:
E[e¢"] = Ia,
then:
Tr(A) = El¢ " Ag).

Thus:
V- b(t, ) = Eel€ T Vab(t, 2)€].

This is used in likelihood estimation for continuous normalizing flows and stochastic interpolants.



MODEL SELECTION BY CROSS-ENTROPY

Given validation samples:

93{ ~ P1,
estimate:
H(p1[16(1)) = ~Ex1 log p(1,z1).
For ODE: )
—logp(1,21) :/ V- b(r, X1,7) d — log po(X1,0)-
0
For SDE:

—logp""(1,21) = —log EZ'[---].



CONCEPTUAL LESSON: WHY SDES ARE ROBUST

For ODEs:

K:/a-(lafb)p,

where:
a = Vlogp— Vliogp.

There is no negative term.
For SDEs:

k:/a.(BF—bF)p—a/\an.

The diffusion gives a dissipative Fisher term:
—eFI(p||)-

This term converts drift error into KL control.



FULL THEOREM CHAIN SO FAR

e =1+~z
4

p(t) =L(x¢),  Odp+ V- (bp)=0
U

s = Vlogp, b =b+es
(!
Op+V-(bFp)=eAp

U

dx} =" (t, XY dt + v/2e dW;
(!

Xprl.



FULL STATISTICAL CHAIN

Training objectives:

Exact excess-risk identities:

SDE drift error:

KL control:

va Ls
ALy = 2[1b— |2
b= 5” ||L2(p)’
1. 2
AL = 7Hsfs||L2( )

. 1 €
KL(p1]p(1)) £ —ALy + —ALs.
2e 2



PROOF EXERCISE 1

Reprove Lemma 21:

Assume:

Show:

Then integrate from O to 1.

Op+V-(bp) =0,  0p+V-(bp) =

SKL(p(0) (1) =

/(Vlogﬁ— Vlogp) - (b—1b)p.



PROOF EXERCISE 2

Reprove Lemma 22:

Assume:
Op+ V- (b p) =eAp,

Otp+ V- (b p) = eAp.

Rewrite each FPE as a transport equation with velocities:
b — eVlogp,

b —ev log p.

Apply Lemma 21 and Young’s inequality.



PROOF EXERCISE 3

Prove Lemma 25:

Given:
Oep+ V- (bp) =0,

and characteristics:
Xs,t = b(t7X$,t)7

show: d
< 108 A(t Xot) = =V - b(t, X))

Integrate to obtain both forward and backward density formulas.



PROOF EXERCISE 4

Prove Theorem 26:

Apply backward It6 to:

Use the PDE:

Show:

Conditionon Y;Z = z.

P (£, YP).
aep" +V - (") = enp”.

d [e* I} V‘{’FﬁF(t, YtB)] = martingale.



DOCUMENT IIl SUMMARY

This document proved:

TE = probability-flow ODE sampler.

FPE = forward/backward SDE samplers.

SDE drift error = KL control.

ODE characteristics = exact likelihood formula.

auxiliary SDEs =- SDE density and cross-entropy estimators.

Next documents:

instantiations, extensions, spatially linear interpolants, connections, algorithms, experiments.




