STOCHASTIC INTERPOLANTS V

SPATIALLY LINEAR INTERPOLANTS: FACTORIZATION, DESIGN CHOICES, LATENT NOISE, DIFFUSION COEFFICIENTS, AND

PROOFS

Ziseok Lee

April 30, 2026

1€Q)



DOCUMENT V: ROLE IN SEMESTER |

This document specializes the general interpolant:
ze = I(t,z0,21) + ()2

to the spatially linear form:

2 = a(t)xo + B(t)z1 + (1)

This case is central because:
the velocity and score reduce to conditional means.

The main proof theme:
noymi,me = b,s, b7 b0



SPATIALLY LINEAR INTERPOLANT

Let:
(z0,71) ~ v, 2~ N(0,1,), z L (zo,71).

Define:

2 = a(t)zo + B(t)z1 +(t)2.

The coefficient functions satisfy:
a,B,9% € C*([0,1]),

OC(O) =1, 6(1) =1,
a(l) = B(0) =~(0) =~(1) =0,
~(t) >0 0<t<1.



ENDPOINT VERIFICATION

Att = 0:

5™ = a(0)zo 4 B(0)z1 + ¥(0)z = xo.
Att = 1:

2 = a(D)zo 4+ Sz + v(1)z = 1.
Thus:

p(0) =po,  p(1)=p1.

For0 < t < 1, the Gaussian latent term smooths the density.



CONDITIONAL MEANS

Define:
no(t,z) = Elzo | xim =z,

m(t,z) = Efz1 | 2} =],

n:(t,x) = E[z | xém = z].

These are the basic building blocks.

They are all regression functions:

. 1. .
770('5733) = argn‘tﬁlnﬂ*} §|77(t7 J?t)‘2 — Ye n(ta .Z‘t)



VELOCITY FACTORIZATION

Differentiate:
lin

" = awo + Pr1 + v2.

Then:

" = Gxo + B + 2.

By the definition of the interpolant velocity:
b(t, z) = B[zl | 2k = ).

Therefore:

b(t9 x) = d(t)no(t’ x) + B(t)nl (t7 ZE) + ;Y(t)nz (t7 m)




SCORE FACTORIZATION

The general score identity gives:
s(t,z) = Vg p(t,x) = =y (HE[z | z¢ = a].

For the spatially linear interpolant:

5(t7 x) = _771 (t)nz(tv x)

This holds for:
0<t<1.

Thus 7, controls:
score, forward/backward SDE drifts, part of the ODE velocity.



ALGEBRAIC CONSTRAINT

Because:

we have:

Therefore:

This means:

Efzi™ | 2" =] =z,

Elazo + Bz1 + 72 | 28" = 2] = o

[a®mo(t,) + BE)m () +1(Dn=(t,2) = o |

any two of 79, n1, 1, determine the third.



SOLVING FOR EACH CONDITIONAL MEAN

If a(t) # 0:

no=a '(z— B —n2).
If B(t) # 0:

m =B""(z —ano — yn2).
Ify(t) # 0:

ne =" (z — amo — Bm).

Because v(0) = v(1) = 0, the last formula is only safe away from endpoints.



REGRESSION OBJECTIVE FOR 19

Define: 1
. 1. ; A ;
Lunliol = [ B [Sliott.at) = a0 - af™] at

Conditioning:

Ly, = /01/ [%mo(t, x)|2 —no(t, z) - Ho(t, x)} p(t,z) dz dt.

Complete the square:
R 1 R
Luglio] = Luo o] = 5 10 = moP.



REGRESSION OBJECTIVES FOR 7)1, 1)

Similarly:
R 1 1 . ) R )
Ll = [ B |Glintat™)? - o ineaf™)]| at,
and:

" P ; X ;
Ll = [ B [Ghe(at™P = 5 iaeaf™] at

Their unique minimizers are:
m(t,z) =Elzy | 2 = z], n:(t,z) = Elz | ¢ = ).



PROOF PATTERN FOR ALL THREE OBJECTIVES

ForY € {zq,x1, 2}, define:

The objective:

becomes:

Then:

Hence ny is the unique minimizer.

ny (t,x) =E[Y | z¢ = z].

Ll = [ B[l =¥ it ar
//EI??IQ—nrﬁ} p.

1 1
L2 A ts 2 4 2
7% —ny -7 2In Ny | 2Imvl

N | =



LEARNING STRATEGY

Since:
ano + Bn1 + vz =,
we can learn only two conditional means.
Examples:
(mo,m) = n= = s,
(n1,mz) = no = b,
(no,nz) = m = b.

For one-sided Gaussian-base models, often one denoiser is enough.



MEAN AND COVARIANCE

Assume:

and:

Then:

The covariance is:

Exg = Exz; =0,
Cov(zg) = Cov(zy1) = Ig,

xro Laxy L 2.

Ewim =0.

Cov(zh™) = a®Iy + B2Iq +7*1q = (& + B2 + 7).



COVARIANCE-PRESERVING CONSTRAINT

Anatural design condition is:

Q2(t) + B2(t) +~2(t) = 1.

Then:
Cov(zl™) = Iy

whenever:
Cov(zg) = Cov(z1) = I4.

This avoids large changes in scale along the bridge.

Itis especially useful when the endpoints are standardized datasets.



DESIGN TABLE

name a(t) B(t) 7 (®)
linear 1—t t Vat(l—t)
trigonometric cos(mt/2) sin(7t/2) at(l—1)
encoding-decoding | cos?(mt)1(g 1/2) | cos®(wt)1(1/2,1) | sin?(mt)
one-sided linear 1—t t 0
one-sided trig cos(mt/2) sin(7t/2) 0
SBDM VP V-1t t 0
mirror 0 1 \/m




LINEAR CHOICE

The linear design is:

alt)=1—t, B =t,  ~(t)=V/at(l—1).

Then:

ze = (1 —t)zo + ter + Vat(l —1t)z.

Without the latent term:
7=0,
this reduces to straight interpolation:
xre = (]. — t)wo + txy.

With v > 0, intermediate densities are smoothed.



TRIGONOMETRIC CHOICE

The trigonometric design is:
a(t) = cos(wt/2), B(t) = sin(nwt/2).

then:
o? + BQ =1.

a(t) = MCos(ﬂt/Z),
B(t) = \/72(15)3111(7%/2).

24822 =1.

With a latent term, one can instead set:

This preserves:



GAUSSIAN ENCODING-DECODING

A bridge can deliberately pass through pure Gaussian noise att = 1/2.

Choose:
o(t) = cos® (mt)1(0,1/2)(t),
B(t) = cos® (mt)L(1 /2,1 (1),
~(t) = sin?(xt).
Att=1/2:
a(1/2) =p(1/2) =0,  ~(1/2)=1.
Therefore:

T1/2 =2 NN(O’ Id)



INTERPRETATION OF ENCODING-DECODING

The path is:
po —> N(0,1q) — p1.

But it is still a single interpolant density path:
p(t) = L(zt).

The probability-flow ODE:
Xy = b(t, X¢)
still defines a map:
Xo~po ~ Xi1~p1.

The midpoint Gaussian does not destroy the endpoint coupling encoded by the learned dynamics.



LATENT VARIABLE 'y(t)z: DENSITY SMOOTHING

Let:
20 = azg + fa1

denote the no-latent interpolant.
Then:
zr = 29 + ~(t)z.

Therefore:

py(t,7) = pg" (t, ) * N(0,7% (1) 1a).

This convolution smooths:



PROOF OF CONVOLUTION IDENTITY

Let:
gy (t, k) = Be? ot
Since:
_ .0 0
Ty = xp + V%2, z L xy,
we have:

. 0 .
g (t, k) = BeF iRt v 2,

The Gaussian factor is:
Eei'yk-z _ e—%'yz\k\z_

Thus:
1,232
g’Y(tv k) :go(t, k)eiév Ikl )

which is the Fourier transform of convolution with (0, v 17).



WHY SMOOTHING HELPS

If po and p; are multimodal, then:
azxg + Bz
can create many spurious intermediate modes.
Adding:
y(t)z
blurs these modes.

For learning:
smoother p(t) = smoother b(t, -), s(t, -) = easier regression.

This is a statistical role of the latent variable, separate from sampling stochasticity.



ENDPOINT VELOCITY FORMULA

For the spatially linear interpolant:
xy = axg + fr1 + 7z,

the endpoint velocities satisfy:

b(0, ) = &(0)x + B(0)E[z1 | wo = ] — lim v(t)¥(t)s0(x),

b(1,z) = &(1)E[zo | 21 = 2] + B(1)z — lim Y(t)F(t)s1 (=),

where:
s; = Vlog p;.



PROOF IDEA FOR ENDPOINT FORMULA

Recall:
b=v— ’Y;YS7
where:

v(t,x) = E[0¢] | ¢ = x].

For spatially linear I:
I = axg + Bxl.

Ast — O:
Tt — X0,
so:

v(0,z) = &(0)z 4+ B(0)E[z1 | zo = ].

eremaini gte IS:
lﬂlj ’778(t7 :E) lHlj YYS0 ("'E)



WHEN ENDPOINT SCORE TERMS VANISH

yec(o1),  v(0)=~(1)=0,
then:
7(0)%(0) =0,  ~(1)7(1) =0.
Therefore endpoint score terms vanish:
b(0, z) = &(0)z + B(0)E[z1 | zo = ],

b(1,z) = &(1)E[zo | 21 = 2] + B(1)z.



WHEN ENDPOINT SCORE TERMS SURVIVE

Take:
() = Vat(l — 1)
Then:
. a
1(OF() = 51 - 20).
Hence:
Pl 2’ el 2°

Thus the velocity contains endpoint score information:

f%so(a:) att =0, +%sl(:v) att =1.



ROLE OF &(t)

The diffusion coefficient £(¢) appears in the sampler:

dX{ = (b+es)(t, X[) dt + /2e(t) dW,.

It does not appear in the interpolant:
xy = axg + fr1 + vz,

Thus:

~(t) changes the density path, €(t) changes only the pathwise sampler.




PROOF THAT £ DOES NOT CHANGE p(t)

Start with:
Oip+ V- (bp) =0.
Set:
b =b+es.
Then:
V- ("p) =V (bp) +eV - (sp).
Since:
sp="Vp,
we have:
V- (sp) = Ap.
Therefore:

Op+ V- (bFp) =eAp.

The marginal path is the same.



ODE MAP VS SDE ENSEMBLE

ODE sampler:
Xt = b(t, Xt).

Asingle initial point maps to a single terminal point:

X() =X = X1 = @071(.1’0).

SDE sampler:
dX: = (b+es)(t, X¢) dt + V2 dW;.

Asingle initial point maps to an ensemble:
Xo=x9 = Xjprandom.

With exact fields and X ~ po, both give:
X1~ p1.



DESIGN LESSON: v VS e

quantity ‘ where it appears ‘ effect
~v(t) ¢ = axo + Pr1 + vz changes p(t)
e(t) dX: = (b+es)dt + v/2e dW; changes sampler paths
v (o, 1) ~ v changes endpoint coupling
a, B azg + By change bridge geometry

The path design variables are:

(a7 ﬁ? ’Y7 V)'

The sampler design variable is:



GAUSSIAN MIXTURE SETUP

Let:
No

=D WN (| m,cp),

=1
pr(x) = Zp (x| m},C}).

For independent coupling:
zo L 1,

and spatially linear:
xy = axg + fr1 + 72,
Conditioned on mixture components (i, 5):
zy | (i,5) ~ N(mi;(t), Ci; (1)),

where:
o 0 1
mij = am; + Bm;,

Cij = a®C) + B°C} +~+°1a.



GAUSSIAN MIXTURE DENSITY

The interpolant density is:

Define posterior mixture weights:

Then:

No N1

p(t.x) =D > pipN(a | mi(t), Cij (1))

1=175=1

plp]/\/(a: | mij, Cij)
ZZ rpéprN(x I mé'r"vcb")

Wij (t, 1‘) =

> wijt, ) =1.
i



GAUSSIAN MIXTURE CONDITIONAL MEANS

For fixed components (4, j):
Elzo | ot = ,i,5] = m{ + aC)C}; (@ — mij),
Elz1 | 2¢ = 2,4, 5] = m} + BCJC (@ — myy),

Elz |zt = x,i,j] = wc’;l(x —mjj).

Therefore:
no(t,2) = S wi(t,2) [mf + aCPC (@ —mag)]
@7

and analogously for n1, ..



GAUSSIAN MIXTURE SCORE AND VELOCITY

The mixture score is:

s(t,x) = Zwm t ac)C'lJ (. —myy).
Since:
n: =7 wiiChyt (@ — my),

we recover:

s = —7_1772.

The velocity is:
b=dmno+Bnm +yne.

Thus Gaussian mixtures provide closed-form ground truth for numerical experiments.



SPATIALLY LINEAR ONE-SIDED INTERPOLANTS

Let po = N(0, I4). Absorb the Gaussian base into the latent variable:

os,lin

T, = a(t)z + B(t)z.

Boundary conditions:
a(0)=1, «a(1)=0,
B0)=0,  B(1)=1,
a(t) >0 tel0,1).

This is the main finite-time formulation of diffusion-style models in this framework.



ONE-SIDED CONDITIONAL MEANS

Define:
n2%(t,x) = Blz | 2y = g,
n¢%(t, ) = Elay | 201" = a).
Velocity:
[b(t.2) = &ty (t,2) + B0 1. 2). |
Score:

s(t,2) = —a (2 (1,2). |




ONE-SIDED ALGEBRAIC CONSTRAINT

Because:

os,lin
xz, " = az+ Bry,

conditioning on z; = x gives:

a(t)n2®(t, z) + B(t)n7°(t, x) = z.

B(t) # 0,
then:
n{s(t, @) = B7H(E) (@ — a(t)n2®(t, ).

Therefore one denoiser n2* determines n{°.



ONE-SIDED VELOCITY FROM ONE DENOISER

Substitute:
n* =B (@ — an2®)
into:
b=an2® + Bng*.
Then:

bt @) = %z + (c’v(t) . a%f;”) 1S (¢, ).

This is the key computational simplification.



ENDPOINT ¢ = O FOR ONE-SIDED LINEAR CASE

Att = 0:
os,lin __
(I)O = Z.

Thus:

n2*(0,z) =
Sincez L xq:

n7°(0,x) = E[z1].

Therefore:

b(0,z) = &(0)z + B(0)E[z1].




ONE-SIDED OBJECTIVES

The denoiser objective:

1 1 . )
Ll = [ B [Ghn et P - et

The data-prediction objective:

1
. 1 ; "
e A R A

Both are conditional-expectation regression objectives.

os,lin
t

)| ar



ONE-SIDED ODE SAMPLER

Given 72°, define:

b(t,z) = gx + (a - a;) 72% (L, ).

Then sample with:
X =b(t, X1),  Xo~N(0,Iy).

With exact n2*°:
Xl ~ pP1.



ONE-SIDED SDE SAMPLER

The score estimate is:

3(t, ) = —a” ()75 (¢, ).
The forward drift is:
bt = i)-‘r €s.
Thus:

dxF = ﬁXtF+ d-oﬁ_ﬂ 7% (6, XE) | dt 4+ +/2¢(t) dW.
B B at)




HANDLING ENDPOINT SINGULARITIES

The denoiser objective is well-defined for:

But:

or:

can be singular near endpoints.

Practical remedies:

or use a final denoising step.

Another option:

near singular endpoints.

t € [0,1].
_77z(t:95)
o) Y(t)
s(tg) = 1t 2)
0=



MIRROR AS SPATIALLY LINEAR

Alinear mirror interpolant has:

with:

where:

In the table notation:

for the simplest mirror:

Then:

a(t) =0,

e = K(t,x1) + (1),
K(t,z1) = B(t)z1,

B0) = p(1) = 1.



DESIGN CHOICE: COUPLING v

The law of:
zt = axg + fr1 + 72
depends on the joint law:

(zo, 1) ~ V.

Independent coupling:
v =po® p1

is easy to sample.

Data-dependent coupling can reduce path complexity:
Ty <> T1

according to semantic or transport structure.

The proof theory remains the same as long as the assumptions hold.



LEARNING b VS LEARNING v, s

Recall:
b=wv—~ys, v=E[0¢] | ¢ = x].

For spatially linear:
v =anoy + Bni.

Learning choices:
Bdirectly7
or:
9,8 = b=10—n~%s

The likelihood bound from Document Ill applies to either parameterization, with different constants.



LEARNING 77, VS LEARNING s

The score objective contains:

AR OF
The denoiser objective contains only:
z.
Therefore:
L.
is usually better behaved numerically near endpoints.
But sampling still requires:
s§= _'Y_lﬁz-

Thus denoiser learning separates stable training from careful sampling.



SPATIALLY LINEAR SUMMARY DIAGRAM

x¢ = axo + Bz + 7z

(3
(0, m,m2) = (E[zo | 2¢], E[z1 | 2], E[2 | 2¢])
A3
b=dmo+Bm +4in:, s=-7'n:
I

X = b(t,Xt) or dX; = (b+55) dt + V2 dW4.



PROOF EXERCISE 1

Prove:

b= ano + Bm +n-.
Start from:

b(t,z) = El¢ | ¢ = z],
and:

Tt = dxo + 5931 + yz.

Use linearity of conditional expectation.



PROOF EXERCISE 2

Prove the algebraic constraint:
ano + Bn1 + = = .

Hint:
Elzt | 2 = 2] = z.

Then apply:
x¢ = axg + fr + vz



PROOF EXERCISE 3

Derive the one-sided velocity formula:

B - a/B. oS
b(t,z) ==+ | a— — | n7°(t, x).
(t,z) 5 ( 5 (t,z)
Use:
b= an?® + fn?°,
and:

ang® + Bnt® = .



PROOF EXERCISE 4

Assume:

Zo,x1,2
are independent and centered with identity covariance.
Prove:

Ext =0,
and:

Cov(zy) = (® + B2 +~2)14.

Then explain why:
24242 =1

is a natural design constraint.



DOCUMENT V SUMMARY

Spatially linear interpolants give a tractable core model:
xy = axg + fr1 + vz,

Main identities:
b= dmo + Bm + Iz,

s = _7_17]z7
ano + Bm +yn. = .

Design variables:
a7 B? ’Y7 V? £.

Next document:

connections with SBDM, denoising, rectified flows, algorithms, experiments, and semester summary.




