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DOCUMENT VII: ROLE IN SEMESTER |

Documents I-VI studied a single stochastic-interpolant path

PO~ p1.

This document studies how to compose multiple already-trained paths:

The central object is a time-indexed ratio-of-densities path:

s = "2 ) = [T @

The central question is:

‘ If each qt(i) is sampleable, how do we sample p; ?

Answer in VII:

‘ derive a Feynman-Kac PDE and simulate it with weighted particles. ‘




WHY COMPOSE GENERATIVE PATHS?

Single generative models learn one data distribution.
Inference-time composition asks for new distributions without retraining:
conditional generation, guidance, annealing, product of experts,
Examples:
p(z | ) from p(z),p(z|c),
p(z) exp(Br(z)),

q1(z)g2(z),

q(x)”.

Composition is attractive because it reuses pretrained models:

modular experts instead of monolithic retraining.

reward tilting.



THE RATIO-OF-DENSITIES TEMPLATE

Let qti) be time-indexed marginal densities from trained diffusion or stochastic-interpolant models.

Define:
ht(x) = H qu) (I)’Yz‘7 Zi = /ht(:t) dx.
i=1

If:

0< Zt < o0,
then: o)

* _ w(@

pi (%) = 7

is a valid probability path.
The scoreiis:
si(2) = Viogpf (z) = > 7iVloga" (),
i=1

because Z; is independent of z.



CORE EXAMPLES

Annealing [ tempering:

ann 7 qt(m)ﬂ
Py (z) Z:(8) .

Product of experts:
prod, 4y (@)af” (@)
py (@) = = .
t

Geometric average:
gV (@)1 (@)
Z(B)

Pi(x) =

Classifier-free guidance as a ratio path:

pigC (@) o< qr(x | @) Pae(a | o).

When 8 > 1, the unconditional term has a negative exponent:

1

1-8
qge(x | 9 = .
(z|2) w@ 2T



THE NAIVE HEURISTIC

A common heuristic is:
replace the score by s}

For diffusion-style reverse SDEs:
dXy = [~ fi(Xe) + ofsp(Xe)] dt + o¢ AWy,

For geometric averaging:
st = (1—B)st") + Bs(?.

This is exactly the score used in classifier-free guidance.

But the problem is:

the SDE with the mixed score need not have marginals p; .

The missing terms are time-evolution terms in the PDE.



FKC PHILOSOPHY

We want: (i
g = I, qtl)’h
t 721 .

We can choose a particle dynamics:
dX; = ’Ut(Xt) dt + o dWs.

Its unweighted density solves:
2
Oy = =V - (vpre) + %An.

If p} does not solve this PDE, add weights:
dAt = gt(Xt) dt.

Then weighted particles solve:

2
(op
Otpt = —V - (vpe) + éApt ~+ gepe-




THREE PDE BUILDING BLOCKS

Let p; be a density.

Transport [ continuity:
Otpt = —V - (ptvr).

Diffusion:

o7

Otpt = —Apt.

2

Reweighting:
Orpt = Gipe, ge(x) = gi(x) — / gt(y)pe(y) dy.

The centering condition gives:

% pi(z) de = /gt(m)pt(z) dz = 0.

Feynman-Kac combines all three.



NORMALIZED FEYNMAN-KAC PDE

Let:
0.2
Etf:vt-Ver?tAf,

and:
2

g
Lip=—=V-(vp)+ éAp.

The normalized Feynman-Kac PDE is:

Opt = Lipe + (9¢ — (pe, g¢)) pe-

Here:

(pt: g¢) :/gt(a:)pt(a:) dz.

This PDE is nonlinear only because of the normalization term.



UNNORMALIZED FEYNMAN-KAC PDE

Define an unnormalized density p; by:
Opr = LiPe +gebe,  Po = po-

Let:
Zy = /ﬁt(x) dex.
Then: -
_ bt
bt 7 .
Differentiate: B
5 Oibt Pt
LDt 7 72 t
Since:
Zy = /gtﬁt = Z¢ (pt, 9¢) »
we recover:

Orpt = Lipt + (9t — (pt, g¢))pt-



WEIGHTED SIMULATION

Simulate:

Then:

The Feynman-Kac identity says:

dX: = ’Ut(Xt)dt + ot AWy, dA; = gt(Xt) dt.

T
AT:/ gs(Xs)ds.
0

Epp [¢] =

E [eAT o(X7)]
E [eAT]

Thus samples from p can be approximated by weighted particles:

K AR

Z e

%)
k=135 eAr

T

P(X),



THEOREM: FEYNMAN-KAC FORMULA

Assume p¢ solves:
Oepe = Lipe + (9t — (pe, gt))pe.

Let:
dXt:Ut(Xt)dt-f—Utsz, Xo ~ po.

For bounded ¢:

E [efoT 95 (Xs) ds¢(XT)]
E [efoT gs(xs)ds]

Eprlp(X)] =

The denominator is:
Zr =E {efoT gs(Xs)dS] .



PROOF I: BACKWARD EQUATION

Define:
dp(z,t) =E [eftT 9:(Xa)ds (X1 | Xy = ac] .

Terminal condition:
®r(2,T) = p(a).

Dynamic programming gives, fort < 7 < 7"

Or(z,t) =B [/ (X0 ap (X 1) | X; =a].

Apply It6 to:
eli 9s(Xs) dS<I>T(X7—, 7).

The drift must vanish, hence:

0t + L1 P + 1P = 0. ‘




PROOF II: PAIR WITH THE UNNORMALIZED DENSITY

Let:
Oibr = LiPt + gebe-
Compute:

d

5 [er@on@as = [@@np+ [oro.

Insert equations:
= /(_Ltq>T — 9tDr)pt +/‘I>T(ﬁ§f15t + gtbe)-

Use adjointness:

/(ﬁt‘I’T)ﬁt = /<I>T(~’3z*ﬁt)~

All terms cancel:
1t TPt



PROOF Ill: EVALUATE THE CONSTANT

Since:

[ er@om@ads
isconstantin t, evaluateatt = T

[ er@npr@)de = [ p@pr () d.

Evaluate att = 0:
T
/ (e, 0)po(w) dr = E [0 95X 4o (x7)]

Therefore: .
/ p(a)pr(x) e = E [efd 9:5) 45 x)]

ZT:/ﬁT-

Divide by:



SELF-NORMALIZED IMPORTANCE SAMPLING

With particles:
T
x Aﬁ”:/ gs(xM)ds
0

define normalized weights:

(k)
W _ e
Zf:l eAr
Then:
By le] ~ zm (x®).
As:

K — oo,

this converges under standard self-normalized importance sampling assumptions.

In practice, full-trajectory weights may degenerate, so FKC uses SMC.



CONVERSION RULE: TRANSPORT TO REWEIGHTING

Suppose:
Otpt = —V - (ptv).
Rewrite as:
Otpt = g4 pr.
Since:
=V (pv) = —pV v —v-Vp,

and:

Vp =pV logp,
we get:

g (x) = =V - vy (x) — Viogpe() - ve ().

Proof:

gi"pe = [~V vt — s v pr = —V - (peve).



CONVERSION RULE:

Suppose:

Use:

Thus:

Proof:

DIFFUSION TO REWEIGHTING

2
g
Otpt = 7'5 Apy.

Ap =V - (pVlogp) =p (Alogp +|Vlogp|?).

2
: o
9" (@) = - (Alogpi(w) + |V log pe () %) -

Vp = ps,
Ap=V-(ps)=pV-s+s-Vp=p(Alogp+|s|*).



CONVERSION RULE: DIFFUSION TO CONTINUITY

Diffusion can also be written as transport:

2
(op
Otpt = ?tApt .

Since:
Apy =V - (ptst), st = Vlogpt,

2 2
Ut O’t
—+Apy = -V - - .
9 Dt {pz ( 2 5t):|

Therefore the pure-diffusion marginal evolution can be simulated by:

we get:

. 0't2
Xt = —7V10gpt(Xt)-

This is the probability-flow idea in miniature.



PRETRAINED DIFFUSION MARGINALS

Let each pretrained expert q,ﬁ“ satisfy:

deaf) = - (qt@ [—ft + O?S,Ei)]) + %?Aqt(i)7

where: _ _
sil) = Vlog qt(l)_
Equivalently:
2
i i o i
th§ '=v. (ftQE ) — ?tAq,E ).
Dividing by ¢*:
t - 5
Oy logqt(l) =V fi+ fi- sﬁl) — % [V . sgz) + |s§1)\2} .



GEOMETRIC AVERAGE TARGET

Let: L )
pgeO(x) _ QE )(55)176‘]1( >(-73)ﬁ
R Z1(B)

Its score is:
st=(1—B)si) 4852,

The heuristic SDE is:
dX; = [—ft(Xt) + J?S?(Xt)] dt + o dW5s.

FKC asks:

‘ What weight g: makes this SDE target p%?;? ‘




PROPOSITION: GEOMETRIC AVERAGE FKC

For:
pi gV PP,
simulate:
Ax; = [7ft(Xt) T ((1 —B)sV(Xy) + 5s§2>(xt))] At + oy AWs.
Update weights:

anc =266 - 1) |0 cx0 - s x| a.

If 3 = 0or 8 = 1, the correction vanishes.



PROOF: GEOMETRIC AVERAGE CORRECTOR

Let:
a=1-23, b=p, s* = asy + bso.

Ignoring the scalar normalizer:
Ot log h = adt log g1 + bo; log qa.

Using the expert log-PDE:

(V -8 + |Si‘2).

2
Ologqi =V [+ -8~

The SDE with score s* has log-density evolution:

2
Vo ffost = (Vs ).

Subtract:
o? 2 2 2
g:—?[a|51\ + bls2|” — |as1 + bsa| }

Use:
alul? 4+ blv|? — |au + bv|? = ablu — v|?,

with ab = 8(1 — B). Thus:



CLASSIFIER-FREE GUIDANCE THROUGH FKC

Let:
i@ =q@|2), @) =aq@c).

CFG uses:
sTFC = (1= B)se(w | @) + Psi(x | ).

FKC interprets this as targeting:
Pt ocar(@ | 2)' Par(a | o).

The correction is: )
g
dA = 2288 = 1) Ise(w | @) = se(x | )||* dt.

Thus FKC corrects the intermediate marginals targeted by guidance.



ANNEALED TARGET

For one expert:

ann _ qﬂ(m)ﬁl
Py (z) = Z:(8) .

Its target score is:

sy = Bst, st = Vlogqy.
But there are many SDEs one may simulate.

FKC uses a one-parameter family:
dX; = [—ft(Xt) + ’V]O'fst(Xt)] dt + (o AW,
where:

77:6+(1_6)a7

B+ (1 —=5)2a
C*\/iﬂ .



PROPOSITION: ANNEALED SDE + FKC

For:
pf<a,  B>0,
simulate:
‘ dXy = [~ fe(Xe) +nofsi(Xe)] dt + Cor dWe, ‘
where:
e e et

Then update:

0.2
ati = (5= 1) [ (X0 + LBl (X0l

For linear f;(x), the divergence term is constant and cancels after self-normalization.



PROOF: ANNEALING CORRECTOR

The unnormalized target is:
ht = Qf-
Thus:
Ot log hy = B0 log q¢.

From the expert PDE:
2
ag.
Dplogqr =V - fi+ fo-se = <2 (Vose o+ [lsel|).

The simulated SDE has drift:
—fe +nofse,
and diffusion:
Cot.

Its Fokker-Planck log-evolution differs from 0 log h: by the displayed g;.

The choice:
2 BH(=p)2
B

is exactly the condition that cancels the V - s; terms.



TWO IMPORTANT ANNEALED SIMULATORS

Target-score simulation:

Tempered-noise simulation:

Both target:

after FKC reweighting.

a=0, n=72, ¢=1

dX; = [—fie + BoZs] dt + o AW;.

1 1+ 8 !
a= - =—, =,
27 n 2 ‘\/B
1+ﬁ 2 Ot
dX: = |— dt + — dW;
t ft + 5 TSt +\/B t
i < q]



PRODUCT-OF-EXPERTS TARGET

For two experts:

The target score is:

FKC simulates:

with the same:

Tro: B
5t @) o (afV @aP @)
st = Blsy” + 7).

X, = [ fi+noF(s + (D) dt + Covams,

n=B+1-Ba, <=uﬁiﬂgﬁﬁf



PROPOSITION: PRODUCT-OF-EXPERTS FKC

For:
rod 1 2
Pf; (q( ) ( ))

)

the corrector is:

dA, = B(B — |59 (x0) + s§2>(Xt)H2 dt
+ o2 (s (x0), 5P (X)) at

+ (28 — 1)V - fe(Xe) dt.

O't‘

When f; is linear, V - f; is constant and cancels under normalized weights.



PROOF IDEA: PRODUCT-OF-EXPERTS
Let:
he = (q192)".

Then:
Ot log hy = B0t log q1 + B0: log qa.
The target score is:
s* = B(s1 + s2).

The Fokker-Planck log-evolution of the chosen SDE contains quadratic terms in:

s1 + s9.

The difference between:
Bls1] + [s2[?)

and:
B2|s1 + s2)?

produces:
B(B—1)|s1 + 82\2 + 2851 - s2.

A bl e ey =2 7 et 0t m bl m b ekt



REWARD-TILTED TARGET

Let one model ¢; be tilted by a reward r(x):

P () oc ge(z) exp(Ber(z)).

Score:
sy =st+ BeVr.

One FKC sampler is: i
dXy = |—fi(Xy) + o} (st(Xt) + %W(xt))} dt + o dW;.

Corrector:

dA; = Ber(Xe) dt — (B:Vr(Xy), fr(Xy)) dt
2

Uist(xt)> dt.

+ <5tVT(Xt), 5




WHY SMC IS NEEDED

Full-trajectory weights:
Ar

can have high variance.

Weight degeneracy means:

wéﬂk) ~ 1 forone particle, w<Tj) ~ 0 for mostothers.

Sequential Monte Carlo combats this by alternating:

propagate —— incrementalreweight —— resampleif necessary.

The philosophy:

correct the population along the path, not only at the end.




BASIC SMC APPROXIMATION

At time ¢, represent:

by weighted particles:

Propagation:

Weight update:

Normalize:

ptn

k IS RE
el b

Xt“rj)+1 =X 4o, (XAt + 00, VALED.

Aik)
(k) - e n+1
tn41 T A



EFFECTIVE SAMPLE SIZE

The effective sample size is:

If weights are uniform:

then:

If one weight dominates:

Resampling rule:

Here:

is a threshold.

2
(ZkKﬂ wk)
ESS = 7 3
D=1 W
wy = =wg,
ESS = K.
ESS ~ 1.

if ESS < 7K, resample.

T€(0,1)



SYSTEMATIC RESAMPLING

Given normalized weights:

define cumulative sums:

Draw:

Use thresholds:

Choose ancestor a,, such that:

Set:

k
Cr = ij.
j=1

U ~ Unif(0,1/K).

m—1
K 9

Un=U+ m=1,..., K.

Cap—1 < Um < Ca

m*

Xon = Xap Wm = 1/K.



ACTIVE RESAMPLING INTERVAL

In practice, FKC often resamples only on:
te [tminu tmax]~

Outside the active interval:

g: = 0 orweights are not accumulated.

Motivation:

early resampling may reduce diversity,

late resampling may improve final correctness.

This is an algorithmic design choice:

FK theorem gives the target; SMC design controls variance and diversity.




REWEIGHTING AS A JUMP PROCESS

The reweighting PDE is:
Oipt(z) = pe(x) (ge(x) — Eppgt) -

This can be realized by a mean-field jump process:

Pl (z) = / () (| 9)pe(y) dy — Ae(@)pe (x).

The first term is inflow. The second term is outflow.

The goal:

choose A¢, J; so that jump evolution equals reweighting.




PROPOSITION: JUMP REPRESENTATION OF REWEIGHTING

Let:
cr(x) = ge(w) — Ep, gt
Define:
¢ (z) = max(ct(z),0), ¢, (z) = max(—c¢(z),0).
Choose:
At(z) = ¢ (),
and:
o Wpe(y)
Jt T —_—
Wle)= fc (2)pe(z)dz’
Then:

PP (2) = ce(2)pe(x) = Oepy 5™ (2).




PROOF OF JUMP REPRESENTATION

Since:
]Ept Ct = 0,

we have:

[t @@z = [ e G as=

The inflow term is: N
//\t(y)Jt(x | ¥)pe(y) dy = /C?(y)%it(r)pt(y) dy.

Thus: +
iMw:i%%ﬁ/Q@MW®=¢@M@

The outflow term is:
At(@)pe(z) = ¢; (7)pe(w).

Therefore:
9p[™™P = (¢f — ¢ )pe = cepr.



FKC ALGORITHM: GENERIC FORM

Given:

p: ~ Hqt(z)"/i7 s: _ Z'YiSEZ)‘
7 7

Choose a base SDE:
dX; = Mt(Xt) dt + o dWs.

Derive:
_ 6fht(9c) - ﬁzht(m)

gi(z) = he()

up to an additive constant.

Then simulate:
dA:; = gt(Xt) dt.

Approximate expectations:
AR
e k
P,

Ep} [¢] ~ Z

(3)
k>, eAr



FKC AS CORRECTED PATH COMPOSITION

FKC does not train a new model.

It takes pretrained quantities:

s =vViega!,  fi, o

It defines: _
pE H qgl)’h_
i

Then it constructs weighted particles whose weighted law matches p;.

The correction lives in:

particle weights, not neural-network parameters.




RELATIONSHIP TO STOCHASTIC INTERPOLANTS

i)

Each expert path ¢, ’ may itself come from a stochastic interpolant:

2V = Lit,ad), 2) + 451 () 2.

Documents I-VI give: _
qtm, ’UEZ) 8§1)7 ODE/SDE samplers.

)

FKC adds a new layer:

(1) (m)

™ — p qu(l)%

Thus composition is a second-order operation on already constructed probability paths.



A HIDDEN ASSUMPTION

Everything above assumes:
Zy = /ht(m) dz < oo Vt.

If:

Zy = 00,
then:

o fe

Pt Z
does not exist.
Then:

sy = Vlog hy

is not the score of any probability density.

The SDE and weight updates may still be numerically computable, but:

they no longer target the intended probability path.

This is the starting point of ACE.



WHY FKC IS A BRIDGE TO SEMESTER Il

The Feynman-Kac PDE can be written:
Oupe = Li{pt + gepr.
Here:
Ly
is a Markov generator:
2
g
Lof = v Vi + LAS

The term:

gtpt
is not ordinary diffusion or flow; it is a selection / branching / reweighting mechanism.
SMC implements this through:

weights, resampling, jump processes.

Semester Il will generalize this language:

generative modeling by arbitrary Markov generators.




BRIDGE TO GENERATOR MATCHING

Generator matching studies Markov processes through:

A(pe, f) = (pt, Lo f)-

FKC introduces a Feynman-Kac semigroup:
Ot = LiPt + gePr-

Equivalently, for observables:
Orus + Liug + grur = 0.

The potential g¢ is not mass-preserving until normalized.

This suggests a broader view:

composition may require transport, diffusion, jumps, and selection.




PROOF EXERCISE 1

Prove the normalized Feynman-Kac PDE.

Given:
Otpt = LDt + giPt, Pt = Pt/ Z,

show:
Opt = Lipt + (9¢ — Ep,gt)pt.

Zy = /gtﬁm

Ou(Pe/Ze) = (0ebr) [ Zi — peZ [ 2.

Required steps:



PROOF EXERCISE 2

Derive the geometric-average FKC correction:
* M1-8 (2)8
X gy qy .

Pt
Show: )
o 1 2
0= Za(B -8l — 572
Hint:
alul® 4+ blv|? — |au + bv|? = ablu — v|?,
with:

a=1-0, b=p.



PROOF EXERCISE 3

Prove the jJump-process representation of reweighting.

Let:
e(x) = g(z) — Epg.

Set:
) - )

Ao) =™ (@) I le) = o B
Show:

/ AW)J (x| y)p(y) dy — A(@)p(x) = c(x)p(x).
Key fact:

[eto= [es



DOCUMENT VII SUMMARY

We developed the FKC mechanism:

P Hqgi)’n
= Oipi = Lip; + gip}
= de :Ut(Xt)dt+Ut th, dAt :gt(Xt)dt

E[eA7 o(X1)]

= ]Ep} [50] = E[GAT]

= SMC resampling corrects particles along the path.

The unresolved issue:

What if Z; = /ht = oo at an intermediate time?




TRANSITION TO DOCUMENT VIII

FKC is principled only when:
s

Pt = 7
exists at every time used by the sampler. But heterogeneous path composition can fail:

Ziy = oo evenif Zy,Z1 < oco.

This is:

Marginal Path Collapse.

Document VIl develops:
Path Existence Criterion 4  Adaptive Correction with Exponents.

ACE extends FKC from:
7; = constant

to:
vi =7i(t),

while guaranteeing the composed path exists.



