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DOCUMENT VIII: ROLE IN SEMESTER |

Document VIl showed how FKC samples a composed path:

=0 me@ =TTde

Py ()

But it assumed:
Zy = /ht(:c) dz < oo Vt.

This document studies when that assumption fails.

Main topics:
Marginal Path Collapse : Z; = oo atintermediate times,
Path Existence Criterion : acheckable integrability condition,
ACE : adaptive exponents guaranteeing valid paths,

Bridge to Semester Il :  Markov generators and path composition.



HETEROGENEOUS EXPERT PATHS

Let expert 7 have state space:

R
A one-sided stochastic-interpolant path has:

Xt(i) _ agi)Xéi) +5£i)X§i),
where:
X AN, 1), XD~ gl
The time-t law is:
(2)

qy "

Heterogeneity means:
aﬁl) £ aij)
and possibly:
d; #dj.

Thus each expert may have its own geometry, dimension, and noise schedule.



EMBEDDING INTO A COMMON AMBIENT SPACE

Let:

d = maxd;.
7

For each expert i, choose:
I; C{1,...,d}, |1;| = d;.

Projection:
Tt R? — R%

Embedding:
Lt R% — RY,

Lifted density: v ‘
i (@) = ¢ (mia).

Lifted score and velocity:
=(4)

5,7 (x) = 18

_(4)

(mix), v, () = Livt(i)(rrix).

(1)
t



RATIO-OF-DENSITIES PATH

Letv;(t) € R be possibly time-dependent exponents.

Define:
n (i ’Yi(t)
=TI (a @)™
i=1
If:
Zy = / hi(z)dz < oo,
RrRd
then:
wiy . (@)
pi(w) = Z
Score:

(@) = Viogpi (@) = 3 (03 5" (@)-

Negative exponents encode denominator experts.



PATH EXISTENCE PROPERTY

The family {h+ } has the path existence property on [0, tepnq] if:

0<Zt=/ ht(l)d$<00
RrRd

Then:
py = ht/Z
is a valid probability path.
This is not cosmetic.
If Z; = oo, then:
I

does not exist, and:

sy = Vlog hy

is not the score of any normalized distribution.

FKC and heuristic mixed-score samplers lose their intended target.

vt € [0, tend]-



SUPPORT INCLUSION

When exponents may be negative, boundary singularities are possible.
Let:
Iy ={i:v(t) >0},  I-={i:v() <0}

A minimal support requirement is:

supp [ TT @ | Ssupp | [T @
iely iel_

Otherwise the denominator can vanish where the numerator is positive.

In Gaussian-based interpolants with full-support Gaussian priors, the dominant issue is often not boundary support but tail
integrability.



MARGINAL PATH COLLAPSE

Marginal Path Collapse occurs when:
Zt = o

for some intermediate ¢, even though:
Zp < 00, 71 < oo.
Consequences:
py is undefined,
s is not a probability score,

FKC weights no longer correct toward the intended path.

The sampler may still produce finite numerical updates.

But it follows another path:
Py # Py -



GAUSSIAN COLLAPSE EXAMPLE

Consider:

Leteach qgi) be Gaussian:

Then:

Define effective precision:
1 1 1 1

Fa) =255 " 220 " 220~ 220

Peff(t) <0,

then h¢ grows at infinity and is not integrable.



ENDPOINTS DO NOT GUARANTEE THE PATH

Even if:
Peff(o) > 07 Peﬁ'(l) > 01

there may exist:

t* €(0,1)
such that:
Peg(t¥) < 0.
Then:
Zt* = OQ.

Interpretation:
denominator experts contract faster than numerator experts,

so the ratio becomes explosive in the tails.

This is the simplest instance of marginal path collapse.



COMPACT-TARGET SETUP

ACE studies the practically important case: . . ‘ , ,
Xt<Z) _ agz)X(()z) + ﬁt(z))(iz)7

where: ,
x{? ~ N0, 1),

and: .
x®

has compact support.

Assume: ]
supp(q}”) C B(0, R.).

llz—B{y)?
O 2(ey") (i)

e (2m(ay)2)/2

Then:

The tails are Gaussian with scale agi).



GAUSSIAN-TO-COMPACT TAIL ENVELOPE

Because:
llyll < R,
we have:
e — Beyll* > [l«]|* — 218:| Ri |-
Thus:

> 1BO1R

(@) .
q; ' (z) < Ci(t) exp (agi))z (a (1))2

Similarly, lower envelopes hold along appropriate rays.
Hence the quadratic tail coefficient of h; is determined by:
i (t)
(el




PATH EXISTENCE CRITERION

For each coordinate k € {1,...,d}, define:

cty= 3 'Y((f) .

it kel (ay )?

Define:
Ct) = mkin Cr(t).

Path Existence Criterion:
If:
hi € L, Cr(t) >0 Vk, Vtel0,tendl,

then:
he € LY Yt € [0,tena]
Conversely, if:
Crx(t*) <0

for some coordinate and time, then:
hys ¢ LY



PROOF I: UPPER BOUND

For each lifted expert: _ _
3" (@) = qf (mix).

Using compact support:

[liz]|*

~(4)
G, (z) < Cjexp |— _
' 2(al")?

+ Bi(t)||mwix||

Raise to exponent ~y; (¢) and multiply over i.

The aggregate quadratic term is:

_1 E Wi(t) HszHz
2 & (Z))z
K t

(a

Since:

this equals:



PROOF II: SUFFICIENCY

Cr(t) >0 Vi,

then:
Ay = diag(C1 (1), - .-, Ca(?))

is positive definite.

The product h¢ is bounded by:
1
hi(z) < At exp —§xTAtx + Bi|lz||| -

Complete the square:
1 Ami
— 5 Amin2l? + Belal) < =222 jo2 + .

Thus:
he(z) < A;efctIWHQ.

The Gaussian upper bound is integrable, hence:
ht € Lt



PROOF IIl: COLLAPSE WHEN Ck; <0
Suppose:
Cix(t*) < 0.

Consider the ray:
T =Trerx~, 7 — O0.

Using lower tail bounds for numerator factors and upper tail bounds for denominator factors, one obtains:
Ch (t*
hix (regx) > Aexp [Jr%ﬁ — Br

for all sufficiently large r.

Then: .
/ hix (regx ) dr = oco.
R

Thus:
hes & LY.



WHAT ABOUT Cl(t) = 0?
The clean criterion states:

Ci(t) > 0 = integrability,
Ck(t) < 0 = non-integrability.

The boundary case:
Cr(t)=0

is delicate.
Then quadratic tails cancel and integrability depends on lower-order terms:

O(l=z]),  O(1),  supportgeometry.
For sampling, ACE keeps:

Ct)>6>0

on the discretization grid.

This avoids near-collapse as well as exact collapse.



CONCENTRATION CONTROL

C(t) = mkin Ci(t) >0,
the same proof gives a sub-Gaussian tail:

pi(IX| > R) S exp [-cC(t)R* + B:R).

Therefore the (1 — €)-quantile radius satisfies:

up to logarithmic and linear-envelope constants.

Interpretation:
C(t) L0 = intermediate law becomes diffuse.

Evenif C(t) > 0, small C(t) destabilizes particle weights.



PROOF OF CONCENTRATION BOUND

From the PEC proof:
1
pi(z) < Avexp —56‘(1t)||96\|2 + Btll=|l| -

For:
R > 4B:/C(t),
we have: 1 1
f§C(t)R2 + B¢R < fZC(t)RQ.
Then:

P(||X:|| > R) < At/ e teWll? gy
lel>R

Gaussian tail bounds give:
2
P([| X¢]| > R) < Aje cCOE",

Solving:
‘A%efcc‘(t)R2 <e

gives:
R=0(C(t)~'/?).



ACE OBJECTIVE

We want to preserve endpoint composition:

But we are free to change intermediate exponents:

vi(t) te(0,1).

ACE constructs:
Fi(t)
such that:
F:(0) =7:(0),  Fi(1) = (1),
while:
Ct) >0 Vt<tenq.

Thus ACE changes the path, not the endpoint task.



BUMP FUNCTION PROTOCOL

Choose one exponent index j.

Set:
¥ (1) = v;(t) + b(),
and:
Fi(t) =) i#5
Use a bump:
b(t) = B1Q(t) + B2 L+ (1),
with:

Q) =t(1—1),
L+ (t) = min(¢, 7(1 — t)).

Endpoint preservation:
b(0) =b(1) = 0.

For differentiability, replace L by a smoothed piecewise-linear bump if needed.



THEOREM: ADAPTIVE EXPONENTS

Assume:
C(0) > 0.
Then there exist differentiable functions:
i (t)
such that:
¥:(0) =7i(0), (1) = (1),
and:

Ct)>0  Vtc0,tenal-

A constructive choice is:
¥ (t) =5 (¢) + Bit(1 — t) + Ba L7 (t)
for sufficiently large:
By, B2, 7 > 0.



PROOF I: CONTINUITY NEARt = (

Because:
C(0) >0,

and C(t) is continuous, there exists:
6o >0

such that:
C(t) >0 t € 10, 00]-
Thus no correction is needed near 0.

The bump still satisfies:
b(0) =0,

so the initial distribution is unchanged.

The main task is to ensure positivity on:
[607 tend]'



PROOF II: DOMINATE THE NEGATIVE PART

Fort € [00, tend], assume the chosen expert j covers the relevant coordinates. The corrected criterion is:

~ b(t
Cr(t) = Cr(t) + ( ((j)))z kelj.
@y
On the compact interval:
[607 tend]7
we have: _
aij) >0,
and:
b(t) >0

fort € (0, tenq]- Thus by choosing By, Bs sufficiently large:
b(t)

(a2

> |Cr(t)|+ 6

for all relevant ¢, k. Hence:

Cr(t) >8> 0.



PROOF Ill: PRESERVE ENDPOINTS

The bump satisfies:

Therefore:

For all other i:

Yi =i
Thus:
py and p}
are unchanged.
The only modification is:
pi  t€(0,1)

This proves existence of a valid corrected path.



ACE TARGET PATH

After correction:

ack, . _ L@ @)%
2 (z) = 7ACE
t

The score is:

st(@) = > %05 (@).

The target exists because:
C(t) > 0.

Next question:

How do we sample when %(t) # 07

This requires a new term beyond standard FKC.



ACE SAMPLING DYNAMICS

Choose a base velocity:

Simulate:

where:

Weights satisfy:

The extra ACE term is:

2
dX; = |:fu:(Xt) —St (Xt):| dt + o AW,

Z'yz(t)s(z).

dlogw; = [Ft(Xt) + Z% logq( )(Xt)]

DAt log ) (Xa).




NOTATION FOR ACE WEIGHT DERIVATION

Let: _
Gt z) =logd (), & =V

Each expert path satisfies:
oG = =V - (0:q:)-

Equivalently:
Ol = —V -0y — T; - 5.

Define:

Di(t,z) = =V - 0;(t,z) + (v (z) — 0 (t,x)) - 3:(¢, ).




DERIVING THE ACE WEIGHT TERM

The unnormalized target is:

he(z) =[] ai(t, )7 ®.

Thus:

log hy = Z i (£)4; (t, ).

Differentiate:
Oeloghs = Y idils + > Yill.

The continuity equation generated by v} has log-density contribution:

* * *
=V v —vf - s}

The reweighting term is:
gt = Ologhy +V - vy +vf - s7.



SIMPLIFYING gy

Use:

Oili = =V - 03 — v; - 55,
and:

sy = 2%51
i
Then:
gt =V vi+ > Y-V b+ 0f =) 5]+ Vil

i i

Using D;:

ge() = V- vf (2) + D% (H)Ds tw+2% t)log 4" ().

If 4; = 0, this reduces to FKC.



CENTERED VS UNCENTERED WEIGHTS

The normalized PDE uses:
gt =gt —Eprge.

But particle weights may use uncentered:
dA; = gt(Xt) dt.

Reason:
gt and g + c(t)

give the same normalized weights:
eAr+[c eAT

a0

O LI

Thus the unknown normalizing correction is unnecessary for self-normalized estimation.



TRACKING log G;(t, X})

ACE needs: )
Li(t, Xt) = 1Og¢7§z)(Xt)
inside:

Z’%‘(t)gi(t, Xt).

If exact log densities are unavailable, ACE tracks them by Ito.
Under:
o2
dX; = (vt* + és;) dt + o AWy,
It6 gives:

2
dei(t,Xt) = |:Dz + % (s? -8+ V- 51):| dt + o4 §; - AW



PROOF OF LOG-COMPONENT SDE

Ito:
2
dt; = 8,6; dt + VE; - dXy + %Aﬂi dt.

Use:

V0 =3, AL =V
Insert:

o2
dX; = (U; + és:) dt + o dW4.
Then: ) )
dl; = |:8tfi + ’Uz( <8 + %8; <8 + %V - §Z:| dt + o5 - AWs.

Since:

O l; +1}Z( -8, = Dy,

the formula follows.



ACE ALGORITHM

Initialize:

For each time step:

Propagate:

Track:

using the log-component SDE.

Update:

Resample if:

Xéj)wpa, wéj):l/]\/.
si(@) = 7i(0)5 (),
0.2
(@) = vi (2) + i (@).
XD ny = X9 4 (XAt + o VALY,

69 (¢ + At

logw) « logw@) + gt(Xt(j))At.

ESS < TN.



FKC AS A SPECIAL CASE OF ACE

~vi(t) =~; constant,

then:

The ACE correction term:

vanishes.

Thus:

This is the constant-exponent FKC weight.

Therefore:

FKC = ACE with constant exponents.




VALIDITY VS COMPUTABILITY

A mixed-score sampler may be numerically well-defined even when:
Zt = Q.

But if:
does not exist, then:

is not a score of any probability law. Therefore the sampler solves some well-posed SDE/FPE:

Oip, = FPE coefficients,
but:
P # i
FKC correctors are justified only when:
Py = ht/Z

exists at all sampling times. ACE repairs this by guaranteeing:

Zy < 00.



ACE AND SMC

ACE uses the same particle logic as FKC:
propagate, weight, resample.
The difference is:
vi = i(t)
and the log-density tracking term: ,
Fi(0) log 4f*) (Xo).
Resampling duplicates high-weight particles and removes low-weight particles.

Interpretation:

ACE uses SMC to enforce the corrected valid path.

Without resampling, the method becomes a no-resampling weighted heuristic with larger variance.



ACE-LITE

ACE-lite keeps the adaptive exponent schedule:

but skips expensive resampling.

Thus it repairs:
path existence

but may not fully correct particle populations.

Itis cheaper because:
no duplication/removal of particles.

But it can have:
higher variance and more bias.

Pedagogical distinction:

PEC repair is mathematical validity; SMC is statistical correction.




SYNTHETIC CHECKERBOARD COMPOSITION

A toy heterogeneous composition:
p(X [ A)p(X,Y | B)

PH(X,Y | A B)

p(X)
This matches:
1) (2), (3
i x<a Mgl /gl
The denominator exponent is negative:
v3 =—1

With heterogeneous schedules:

constant exponents can violate:

ACE modifies one exponent with a bump so that:



FLEXIBLE-POSE SCAFFOLD DECORATION

A scientific composition target:

P | T(M*) = T) p(M | M & P)

p(M | T*¢, P) «
p(Mse)

With guidance:

P (M) o p(M) (w)w.

p(M)
This decomposes into multiple experts:

de-novo molecule model, conformer model, pocket-conditioned model.

The exponents include positive and negative terms.

Different experts often have different schedules, so:
C(t)<o0

can occur unless ACE corrects the path.



WHY SCHEDULE ALIGNMENT ALONE IS NOT ENOUGH

One possible response to heterogeneity is:

@’ =
to align schedules.
But reparameterization can distort sampling.
A nonuniform:
(1)

can skip important regions of an expert’s trajectory.

ACE instead preserves each expert’s schedule and modifies exponents:

7i ().

Thus ACE targets:

validity through exponent control, not forced schedule homogenization.




ACE BEYOND COLLAPSE

Even when:
C(t)>0
for constant exponents, ACE can improve concentration by increasing:
C(¢).
Since:
Re(e) = O(C(t)~*/?),
larger C(t) gives tighter intermediate laws.

This may stabilize:
particle weights, sample quality, compositional constraints.

Thus ACE has two roles:

avoid nonexistence +  control concentration.




BRIDGE TO GENERATOR MATCHING I

Generator matching studies Markov processes through generators:

o B (Xean) | Xe = 2] — f(2)
10 h '

Lof(x) =1i

The marginal law satisfies the KFE:
Oe(pt, ) = (pt, Lt f).

In Euclidean space:

Lof =V w5922 [[F0) - f@)i(dyia).

This includes:
flows, diffusions, jumps.



BRIDGE TO GENERATOR MATCHING Il

Stochastic interpolants studied:
and:

Otp+ V- ((b+es)p) =eAp.

FKC/ACE add:
Op = Lip+ Gip.

The new term:
gtp
is selection / branching / reweighting.
SMC and jump-process interpretations show that path composition naturally leads beyond pure ODE/SDE flows.

This motivates Semester II:

use arbitrary Markov generators as the primitive object.




BRIDGE TO GENERATOR MATCHING I1I: LINEAR STRUCTURE

Generator matching relies on linearity:
at<pt7 f> = <pt7 Etf>

FKC uses a linear unnormalized equation:
Otpr = LiPt + geb.-

The normalized version is nonlinear:
Oepr = Lipe + (9t — Ep,g¢)pe.

Particle systems restore linearity statistically:

unnormalized weights ——  normalized empirical measure.

Thus FKC/ACE are a practical bridge from density-ratio composition to generator-level modeling.



CONCEPTUAL SUMMARY OF THE NEW LECTURE

Single stochastic interpolant = ¢

Multiple trained paths = h: = H qgi)%(t)

Existence check = C (¢ Z 7(
i:kel; Cy

Ifvalid = FKCweighted SDE
Ifinvalid = ACE adaptive exponents

If general state space = Markov generator viewpoint



PROOF EXERCISE 1: PEC

Prove the Path Existence Criterion in the compact-target setting.

Required steps:

Show:
qii)(x) < CiE*HIHQ/(zQ%)JFBiHZH.

Lift the bound to: ) )
3" @) = ¢{” (mi).

Multiply powers:

hy = H q.
Identify:

1

-5 > Cr(t)z}.
k

Use Gaussian integrability when Cy (t) > 0.

Use a ray lower bound when some Cy(¢) < 0.



PROOF EXERCISE 2: ACE WEIGHTS

Derive the ACE weight:
gt =V -vf + > wuDi+ Y il
i i
Start with:
he=TTa"",  t=loga.
i
Use:

Ol = =V - 0; — U; - §;.

Compare the desired log-evolution:
Ot log hy
to the continuity evolution generated by v}

* * *
=V v —wvf -7

The difference is the Feynman-Kac potential.



PROOF EXERCISE 3: LOG-DENSITY TRACKING

Show: )
d[i(t, Xt) = |:D1 + %(S; -5, +V- §z)i| dt + 045; - dW4.
Use: )
* Ut *

dX; = (Ut + ?St) dt + o dW5s.

Apply 1t6:
2

dl; = 8l dt + 5; - dXy + %Mi dt.

Use:

Al; =V - 5.



DOCUMENT VIII SUMMARY

ACE adds a missing mathematical layer to FKC. FKC asks:

given p}, how do we sample it?

ACE first asks:
does p; exist?

The answer is controlled by:

Cu(t) %

i:k€l; O‘t

If the path collapses:

C(t) <0,
ACE constructs:
Fi (1)
with the same endpoints but:
C(t) > 0.

Then ACE samples by Feynman-Kac weights with an extra term:

Z%(t log i (Xy).



BRIDGE TO SEMESTER Il

Semester | began with:
one stochastic interpolant path in R%.

It ends with:
composition of multiple paths using weighted Markov dynamics.

The new mathematical objects are:

Feynman-Kac semigroups, selection potentials, SMC particle systems, jump-process correctors.

Semester Il abstracts all of this into:

generative modeling by arbitrary Markov generators.

Thus FKC and ACE are the natural bridge:

stochastic interpolants ——  generator matching and general state spaces.



